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HARMONIC BESOV AND TRIEBEL-LIZORKIN SPACES
ON THE BALL

KAMEN IVANOV AND PENCHO PETRUSHEV

ABSTRACT. Harmonic Besov and Triebel-Lizorkin spaces on the unit ball in
R? with full range of parameters are introduced and studied. It is shown that
these spaces can be identified with respective Besov and Triebel-Lizorkin spaces
of distributions on the sphere. Frames consisting of harmonic functions are
also developed and frame characterization of the harmonic Besov and Triebel-
Lizorkin spaces is established.

1. INTRODUCTION

The theory of Besov and Triebel-Lizorkin spaces B,? and F;? in the classical
setting on R? has been developed mainly by J. Peetre, H. Triebel, M. Frazier, and
B. Jawerth, see [19, 24, 25, 8, 9, 10]. Besov and Triebel-Lizorkin spaces have also
been developed in various other settings such as on the sphere [17], on the ball [13]
and in the general framework of Dirichlet spaces [12].

The purpose of this article is to introduce and study the Besov and Triebel-
Lizorkin spaces By?(3), F;9(3) (with full range of parameters) consisting of har-
monic functions on the unit ball B? in R? d > 1. The primary motivation for
this undertaking is to fill up the existing void in the theory of spaces of harmonic
functions and create a framework for future development.

The gist of our approach to spaces of harmonic functions U on B? is the repre-
sentation of U in terms of solid spherical harmonics:

oo N(k,d)
(1.1) U= Y MU)WYM(%), 2] <1,
k=0 v=1
where {Yj,} is an orthonormal basis for spherical harmonics on the unit sphere
S%1 and {bs,(U)} are the coefficients of U. Identity (1.1) and the likes in the
sequel are extended by continuity for = (0,...,0). The harmonic Besov and
Triebel-Lizorkin spaces B,?(3() and F;9(3() are defined by means of the multiplier
operator
) N (k,d)
(1.2) JU@) =3 Jaf(k+1)7 Y bky(U)Ykl,(%>, BeR.
k=0 v=1
For example, B,?(3(), ¢ < oo, is defined by the norm

1
s _ dr \1/a
0153000 = [ (4= 000y 25) s B>
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2 KAMEN IVANOV AND PENCHO PETRUSHEV

A similar idea has been used in [18] for the development of Besov and Triebel-
Lizorkin spaces of analytic functions in the unit disc in the complex plane.

The Besov spaces B;q(f}f) for s € R and 1 < p, ¢ < oo have been introduced in
[6, 7] for distributions f on the unit sphere S¥~! in R? with (our notation) U being
the Poisson integral of f under the name “Lipschitz spaces of distributions on the
sphere” and some of their properties have been established. We consider them as
spaces of harmonic function on B? instead.

Our basic tool is well localized kernels consisting of band limited functions on
the sphere, that are readily available from [16, 17] and also from [11].

The first step in developing the harmonic Besov and Triebel-Lizorkin spaces
on B? is to show that the growth of the coefficients {by,(U)} of any function
U € ByA(H) or U € Fj9(H) is at most polynomial. The main result in this
article asserts that the harmonic Besov and Triebel-Lizorkin spaces B,?(3() and
F39(H) can be identified with the Besov and Triebel-Lizorkin spaces B3?(S*!)
and F39(S?"1) of distributions on S?~!, developed in [17]. This allows to mitigate
between spaces of harmonic functions on B¢ and distributions/functions on S?~1.
In particular, this enables us to develop frames consisting of harmonic functions on
B¢ by harmonic extension of the existing spherical frame elements (needlets) from
[17]. We use these frames to characterize the harmonic Besov and Triebel-Lizorkin
spaces B4(3() and F,9(H) by respective sequence spaces.

The analogue of our identification of harmonic Besov and Triebel-Lizorkin spaces
on B? with respective spaces of distributions on S?~! in the setting of Rf‘l is
essentially obtained by H. Triebel, see [25, §1.8.3] and the references therein.

The layout of the rest of this article is as follows. Section 2 contains some
background material and basic facts that are used later in the paper. In Section 3
we consider harmonic functions on B? and distributions on S?~! and their frame
decomposition. Harmonic Besov and Triebel-Lizorkin spaces on B¢ are introduced
in Section 4 and some of their basic properties are established. Also, the Besov and
Triebel-Lizorkin spaces of distributions on S?~! are recalled. The identification
of harmonic Besov and Triebel-Lizorkin spaces on B?% with Besov and Triebel-
Lizorkin spaces of distributions on S%~! is established in Section 5. The frame
characterization of harmonic Besov and Triebel-Lizorkin spaces on B? is given in
Section 6. In Section 7 we briefly discuss the identification of the harmonic Hardy
space HP on B¢ with the harmonic Triebel-Lizorkin space Fz?z (H). In Section 8
we show how the results for harmonic spaces on B¢ can be transferred to harmonic
spaces on R%\ B4 by means of the Kelvin transform. Section 9 is an appendix,
where we place the proof of Peetre’s inequality for band limited functions on S~ 1.

2. BACKGROUND

Here we introduce some notation and collect well known technical results that
will be used in the sequel.

2.1. Notation. In this article we use standard notation. Thus R?, d > 1, stands for
the d-dimensional Euclidean space. The inner product of z,y € R is denoted by z-y
and the Euclidean norm of z by |z| := /z - . We denote B(y,r) := {z : |[z—y| < r}.
Then BY = B(0,1). The unit sphere in R? is S4~! := {z : |z| = 1} and p(z,y) will
stand for the geodesic distance between z,y € S¥~1, that is, p(z,y) := arccos(z - y).
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The Lebesgue measure on S%~! is denoted by o and |E| := o(FE) stands for the
Lebesgue measurable of E C S*!. In particular, wg := (S 1) = 27%/2/T'(d/2) is
the measure of S?~1.

All functions we consider are complex-valued if it is not specified otherwise. The
inner product of f,g € L?(S?1) is given by

(2.1) (fo)= | TW)doly)

and the nonstandard convolution of functions F' € L>[—1,1] and g € L*(S%1) is
defined by

(2.2 Frgla) = (Fla-o.9) = [ PG notu)doty).
We shall use the abbreviated notation || - ||, := || - [|»(ga-1) for the LP-norm on
Sa-t

We shall denote by G(z,d) the spherical cap (ball on S9~1) centered at x € S?~1
of radius ¢, that is,

(2.3) G(x,8) = {y € STV p(a,y) < ).

Positive constants will be denoted by ¢, ¢1, ¢, ... and will be allowed to vary at
every occurrence. The notation a ~ b will stand for ¢; < a/b < ¢3. The constants
will usually depend on some parameters that may or may not be indicated explicitly.

2.2. Spherical harmonics. The solid spherical harmonics will be our main vehicle
in dealing with harmonic functions on the unit ball B¢ in R<.
Denote by H;. the space of all spherical harmonics of degree k on S%~1. As is

well known the dimension of Hy, is N (k,d) = 2k+1=2 (k']:ff) ~ k%1, Furthermore,
the spaces Hg, k = 0,1,..., are orthogonal and L?(S4~1) = Do He-
Let {Y;, :v=1,...,N(k,d)} be a real-valued orthonormal basis for Hy. Then

the kernel of the orthogonal projector onto Hj is given by

N(k,d)

(2.4) Z Vi (2) Yo (1)

As is well known

k d—2
2.5 Z cy) = —— CH(x - =—,d>2.
(2.5) Rloy) = —m Cileey), pi= 5=, d>
Here CJ is the Gegenbauer (ultraspherical) polynomial of degree k normalized by
ci(1) = (F*2*71); the polynomials CJ', k > 0, are orthogonal on [—1,1] with
weight w(t) := (1 —t2)*~1/2 see [23, p. 80, (4.7.1)]. In the case d = 2 the kernel of
the orthogonal projector onto H;, takes the form

1 1
ZO(xy):gu Z}C(my):;Tk(my)a k217

where T} is the k-th degree Chebyshev polynomial of the first kind.
The set of all band-limited functions (i.e. spherical polynomials) on S?~! of
degree < N will be denoted by Iy, i.e. Iy := @é\;o Hp.
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The Poisson kernel on the unit ball B? is given by

08 Pa) = Yl z(E ) =~ <, e s
= 2 A ) = ey |
We refer the reader to [15, 22] for the basics of spherical harmonics.
Kernels of the form

(2.7) An(z-y) Z/\ k/N)Zp(z-y), xyeSTt N>1,

k=0
where A € C*°(R.) is compactly supported (R4 := [0, 00)), will play a key role in
this article. Observe that in this case

(oo}
(2.8) An(w) = S AR/N)Ze(w), ue [-1,1],

k=0
is simply an algebraic polynomial kernel. We shall utilize kernels of this sort, where
A is an admissible C'*° function.

Definition 2.1. We say that a function A € C*°(R) is admissible of type (a) or
(b) if X satisfies the conditions:

(a) supp A C [0,2] and A(u) =1 for u € [0,1] or

(b) supp A C [1/4,4].

Theorem 2.2. Let A be admissible and |A\™)| . < A for 0 < m < K. Then for
any N > 1 the kernel Ay from (2.7)-(2.8) obeys

(2.9) IAY (cos )] < cAN 42/ (1 4 NJ9|) K, |6 <, v >0,

and hence

(2.10) A (z - )| < AN (1 4 Np(a,y)) K, 2,y € ST

Here the constant ¢ > 0 depends only on K, v, d. Furthermore, for z,y,z € S*1

pz, y)N*
(L+ Np(z, 2K
For a proof, see [16, Theorem 3.5] and [17, Lemma 2.6], also [11, Theorem 5.1].

(211)  An(e-2) = An(y-2)| < cA if pla,y) <N

2.3. Maximal inequality. Let M; be the maximal operator, defined by
Jt
(2.12) M, f(x) sup |G|/ |f(y)|'do(y , t>0,

where the sup is over all spherical caps G = G(z, (5) containing z (see (2.3)).

We shall use the Fefferman-Stein vector-valued maximal inequality (see [3, 21]):
If0 < p<oo,0<qg< o0, and 0 <t < min{p,q}, then for any sequence of
measurable functions fi, fa,... on S¢!

(2.13) H( ij )l/q

(im0

This inequality is usually stated for ¢ = 1 under the condition p,q > 1. Then the
above version of the maximal inequality follows readily. A proof of (2.13) for ¢t = 1 is
also given in [5, Theorem 1.2] from where it follows that the constant ¢ > 0 in (2.13)
can be written the form ¢ = (¢1(d) max{p/t, (p/t — 1)~ Y max{1, (¢/t — 1)~*})1/*.

e
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We shall also need the following integral version of the maximal inequality: Let
p, q,t be as above. Then for any continuous function F : [a,b) x S¢~! — C one has

(2.14) H(/b [Mt(F(r,.))(.)}qdr)l/q( < cH(/b |F(r,')|qdr)l/qHLp7

with the same constant ¢ > 0 as in (2.13). This inequality is an immediate conse-
quence of (2.13) by discretization using Riemann sums and a limiting process.

The next lemma contains an analogue of Peetre’s inequality which involves the
maximal operator M; from (2.12).

Lemma 2.3. Let t > 0 and N € N. Then there exists a constant ¢ > 0 depending
only on t and d such that for any g € Iy

l9()] -1
(2.15) y:gﬁl (05 Np(w, y) @07 <eMyg(x), VeSS

Here M is the maximal operator from (2.12).

To streamline our presentation we place the proof of this lemma in the appendix.
We shall need the following simple

Lemma 2.4. For any g € L*(S*™') and M >d — 1

N g(y)| .
2.16 L I g5(y) < eM . VeeSTlLYNEN,
(219 /Sdfl (14 Np(z,y))M o(y) < cMig(x), Vo

where M1 is the mazimal operator from (2.12) with t = 1 and ¢ depends only on d
and M.

The proof of this lemma is straightforward and we omit it (for the idea see e.g.
[21, (16) in Chapter II, §2.1]).
The following obvious inequality will also be needed: If M > d — 1, then

Ndfl
2.17 /  _do(y)<ec, VreSTl VN>,
(217) s (5 N,y W)

where ¢ depends only on d and M.

2.4. Useful inequalities. The following Nikolski-type inequality (see e.g. [2, The-
orem 5.5.1]) will be used.

Lemma 2.5. If0 < q < p < oo, then for any g € Iy, N > 1,
(2.18) gl Lp(sa-1) < CN(d_l)(l/q_l/p)||g||Lq(sd71)7
where ¢ = ¢(d, p, q).

Two simple inequalities will be needed.

Lemma 2.6. (a) If v, K > 0, then
1
(2.19) / (1 =) Edr <cK™, c=c(y).
0
(b) If o,y >0 and 0 < r < 1, then

(2.20) Z ro29ly < c(1=r)"7, c=c(a,7).
=0
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Proof. (a) Substituting » = 1 — u/K in the integral in (2.19) we get

1 K K oo
/ (1—7r) " Edr = K_'V/ Tt (1 - ﬁ) du < K‘”/ u' e du,
0 0 K 0

implying (2.19) with ¢ = I'(), T being the I'-function. Here for the last inequality
we used the following obvious inequality (1 —u/K)¥ < e~ whenever 0 < u < K.
(b) Tt is readily seen that

> 0 o r AN e -\ v
E :,’,a2 oty < C/ oy Y=l C(l ) / (”"177‘) U’Y*ldv,
—r 1
2

=0 1/2
where we applied the substitution u = =-. Evidently, P < 1/2 whenever
1/2 < r < 1 and (2.20) follows. In the case when 0 < r < 1/2 inequality (2.20)
follows trivially from the case r = 1/2. ]

3. HARMONIC FUNCTIONS ON B% AND DISTRIBUTIONS ON S¢—1

The purpose of this article is to study harmonic functions on B?, which are
intimately related to their boundary values. The boundary values of harmonic
functions are in general distributions. In this section, we clarify the relationship
between harmonic functions on B¢ and their boundary value distributions on S?~!

3.1. Harmonic functions on B2. Denote by 3{(B?) the set of all harmonic func-
tions on the unit ball in R?. The properties of spherical harmonics readily imply
the following representation of any function U € H(B?):

k
(3.1) U(x |x| / U(an) Zk ‘ | n)do(n), |z] <a, 0<a<1.
Sd—1

Using the spherical harmonic basis functions (see (2.4)) this takes the form
N(k,d)

(3.2) ka Z ak/ U (an)Yiew (n)do (n )Y,w(| ‘)

N(k d)

_ka Z biw (U qu<| |> lz| < a.

Above the series converge absolutely and uniformly on every compact subset of
B(0,a). It is an important observation that the coefficients

(3.3) b (U) 1= —

o [, Ulanundotn
a §d—1
are independent of a for all 0 < a < 1. This implies the representation
N (k,d)

(3.4) Z|m|k Z b (U ka(‘ I) 2 < 1,

where the coefficients b;ﬂ,( ) are from (3.3) and the convergence is absolute and
uniform on every compact subset of B%. In certain cases, it is convenient to write
this representation in the form

oo N(k,d)

(3.5) Urg)=> r* Z by (U)Yin (€), 0<r<1, £e8% 1
k=0
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Applying the Cauchy-Schwarz inequality, it follows by (3.3) that for any 0 < a < 1
(3.6) by (U)| < a ¥|U(a) || p2(ga-1y, v =1,...,N(k,d), k=0,1,...,

The topology on H(B?) is naturally induced by the uniform convergence on all
compact subsets of B?. Clearly, 3{(B?) is complete with respect to this topology.

We are interested in harmonic functions U € H(B?) with coefficients of at most
polynomial growth.:

(3.7) log, (U)| < c(k+1)Y, v=1,....,N(k,d), k=0,1,...,
for some constants v, ¢ > 0. As will be shown in Proposition 4.2 below the functions
in the harmonic Besov and Triebel-Lizorkin spaces of interest to us will have this
property.

The following basic lemma on harmonic functions will play an important role in
what follows (see [4], Lemma 2, page 172):

Lemma 3.1. Suppose B is a ball in R? with center x € R?. Let U be a harmonic
function on B that is continuous on the closure of B. Then for any p > 0

(3.8) U@)P < clp, d)ﬁ /B U (y)Pdy.

3.2. Distributions on S9!, To define distributions on S%~! we shall use as test
functions the class S := C°°(S?~1) consisting of all functions ¢ on S?~! such that
Recall that the convolution Zj * ¢ is defined in (2.2). It will be convenient to define
the topology on S by the sequence of norms

N(k,d) 12
(39)  Pu(@) =Y (k+ 1" Zkx ol =Y (k+1)"( 3 16 Viu)?) "

k>0 k>0 v=1
Evidently, the topology on S can be equivalently defined by the seminorms
Pr(¢) = 1Ag"¢llc, m=0,1,...,

where Ag is the Laplace-Beltrami operator on S*~!. Furthermore, it can be defined
by the seminorms

P:%*(¢) = Z ”aaq;HOO’ m:OaL---a

laj=m

where ¢(z) := ¢(z/|z]), see e.g. [20]. Tt is easy to see that S is complete in the
topology of S defined above.

Observe that all Y, € S and hence by (2.4) Zi(z-y) € S as a function of z for
every fixed y and as function of y for every fixed x.

The space S’ := &’'(S971) of distributions on S9! is defined as the space of
all continuous linear functionals on S. The pairing of f € &’ and ¢ € S will be
denoted by (f, ¢) := f(¢), which is consistent with the inner product on L2(S%1),
see (2.1). More precisely, S’ consists of all linear functionals f on S for which there
exist constants ¢ > 0 and m € Nj such that

(3.10) [(f, D) < cPn(9), Vo ES.
For any f € &' we define Z;, * f by

(3.11) Zyx f(x) = ([, Z(x - 0)) = ([, Zi(x - o)),
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where on the right f is acting on Zx(x -y) = Zp(z - y) as a function of y (Zj is
real-valued). From (3.9) and (3.10) it follows that

(3.12) Kf, Vi) <c(k+1)™, Vk>0,Vv=1,...,N(k,d),
with ¢ and m as in (3.10). Furthermore, Zj x f € H; and
(3.13) | Zk % fll2 < e(k + 1) FE=D/2 0 vk > 0,

in light of (3.12) and (2.4). For more information about distributions on S?~!, see
[17].

Convergence. We shall frequently use that

(3.14) f=Y_Z«f, VfeS
k>0

with convergence in distributional sense. This follows readily by duality from the
fact that ¢ = >, Zk * ¢ for every ¢ € S with convergence in the topology of S.

By the same token, if A € C(R,) is an admissible cutoff function of type
(a) in the sense of Definition 2.1 and Ay is the kernel from (2.7), then we have
f =limy_0o Anx*f inS’. This yields the following Littlewood-Paley decomposition
of distributions: Let ¢ € C°°(R4) be an admissible function of type (b) such that
supp ¢ C [1/2,2] and

(3.15) Z@(Qlfju) =1 foruell,oc0).
j=1
For the existence of such functions, see e.g. [17]. Set
_ - k )
(3.16) o= Zo—wy' and @, = 250(21—1)2'“ j=1,2,....
k=0
Then
(3.17) f= ZCDJ- « f forall f €S (convergence in §'),

=0
see [17, Lemma 2.1].

The relationship between harmonic functions on B% and distributions on S%*
is clarified by the following

Proposition 3.2. (a) To any U € H(B?) represented by (3.4) (or (3.5)) with
coefficients satisfying (3.7) there corresponds a distribution f € §', f = fu, (the
boundary value function/distribution of U) defined by
N(k,d)
(3.18) f= Z Z b (U)Yry  (convergence in S")
E>0 v=1
with coefficients by, (U) = (f, Yiu)-

(b) To any distribution f € 8" with coefficients by, (f) := (f,Yrv) there corre-
sponds a harmonic function U € H(B?), U = Uy, (the harmonic extension of f to
BY) defined by

N(k,d

o) )
(3.19) U@) =3 Ja)* bky(f)yky(%), 2] < 1,
k=0 v=1
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with coefficients by, (U) = by, (f) obeying (3.7), where the series converges uniformly
on every compact subset of B%.
(¢) For every U € H(B?) we have Uy, = U and for every f € S’ we have

fU‘f :f

Proof. (a) From the fact that the coefficients by, (U) obey (3.7) it readily follows
that the series in (3.18) converges in &’. This and the orthogonality of {Y;, } lead
to (f, Yiw) = bro (U).

(b) If f € &', then by (3.12) we have |bg, (f)| < c(k + 1)™ for some constants
¢,m > 0, implying that the series in (3.19) converges uniformly on every compact
subset of B? and by, (U) = by, (f).

Claim (c) reflects the fact that in either case by, (U) = bg, (f). O

3.3. Frame decomposition of distributions on S?~!. Here we recall the con-
struction of a frame (needlets) on S?~! whose elements are bandlimited functions.
Note that the situation is more favorable in dimension d = 2, where Meyer’s peri-
odic wavelets (see [14]) form a basis with the desired properties.

The construction of needlets on S¢~!, d > 2, starts with the selection of a
real-valued function A € C*°(Ry) with the properties: supp A C [1/2,2], A > 0,
Au) > c¢>0foru e [3/5,5/3], and > 07 A?(27"u) = 1 for u € [1,00). Define

(3.20) Ao i=Zy, and A, ;:iA(ZjL_l)ZW >
v=0

It is easy to see that f = Z;io Ajx Aj* f for every f € S’ (convergence in S’).

The next step is to discretize A; * A; for j > 1 by a cubature formula on Sé-1.
One constructs a cubature on S?~! with nodes in &; C Sd-1 consisting of < ¢23(d=1)
almost unifor;nly distributed points on S~ and positive coefficients {we}ecx, of
size wg ~ 2-7(d=1) guch that

(3.21) f@)do(z) = > wef(€)

Sd*l
EEX;

for all spherical harmonics of degree < 29+1 see [17]. In fact, X; can be selected
as a maximal §;-net on S¥~! with §; = 4277, where v > 0 is a sufficiently small
constant. Then it readily follows that there exists a disjoint partition {A¢}eex, of
S?=1 consisting of measurable sets such that G(&,6;/2) C A¢ C G(&,65), € € &j.
In addition, set Xp := {e;} with e; := (1,0,...,0), and we, := w; . From (3.21) it
follows that

N hyaen) = [ A ndol) = 3 wehi (€0 (€ ).

§EX;

which allows to discretize f = Z;io Aj * Aj * f and obtain

(3.22) f= Z Z (f,e)e, VfeS (convergence in &').
=0ée,

Here )¢ := w;mZo, ¢ € Ay, and

(3.23) ve(x) == w/?A;(E-x), €€y, j>1.
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We set X := U;>¢&; assuming that equal points from different sets X; are distinct
points in X’ so that X can be used as an index set. This completes the construction
of the system {t¢ }ecx. From above it readily follows that {i¢ }ecx is a tight frame
for L2(S4-1).

Observe that the frame elements {t¢} are not only band limited, but also have
excellent localization on S?~!. From the properties of A and Theorem 2.2 it follows
that (see also [16, 17]) for any M > 0 there exists a constant ¢ > 0 such that

(324)  [ghe(w)| < V(A4 Vp(z, )M, zeST e, j>0.
Moreover, as shown in [11, Theorem 5.1] the localization of ¢ can be improved to
sub-exponential: For any € > 0 the cutoff function A above can be selected so that
(825) [e()] < 2V 2 exp { — o (Vp(e,€) ), wesT ey, j20,

where c;,co > 0 are constants depending on €.

Note that for more flexibility it is possible to construct a pair of dual frames
{he}eca, {Ye}eex on SY71) where each 1 is defined as above with A being an
arbitrary admissible complex-valued cutoff function of type (b), while ¢ is defined
as above with X instead of A such that >0 A2 Y u)A(2-7u) =1 on [1,00).

For more details and proofs, see [17, 11].

3.4. Frame decomposition of harmonic functions on B?. By harmonic ex-
tension of the needlets from §3.3 we next construct a decomposition system for

harmonic functions in H(B%). We define V¢ (z) := wg/ Zy = le/Q, £ € Ay, and
for all £ € &}, j > 1, we set

(3.26) —wé/QZA(W 1>|9c| Zy, (‘ | >7 z € RY

where A is from the definition of needlets in (3.20). Observe that W¢(z)| =1

the function ¢ from (3.23) and ¥, € H(B?), i.e. V¢ is the harmonic extension of
e on B%. We also define a natural dual to {U¢}ecx by ¥¢ := U for £ € X, and

(3.27)  We(x) —wé/QZ)\(

Note that Welga—1 = Welga—1 = 1 and ¥, g are real-valued.

Observe that if more flexibility is needed the cutoff functions A and A mentioned
in §3.3 can be used in the construction of W, \ilg.

We next record some basic properties of the system {W¢}ecx, {\ilg}gex.

is just

57 1)|:c\ 2y (| | 5), 2] >0, £€ &), j > 1.

Proposition 3.3. (a) Each function V¢, £ € X, from (3.26) is harmonic on R?
and for each We from (3.27) the function ||~ d\Ilg( ) is harmonic on R\ {0}.
(b) Any U € H(B?) with coefficients obeying (3.7) is represented as

(3.28) U= <UW¥>
fex

where the convergence is uniform on every compact subset of B¢ and the coefficients

(3.29) < U, e >=(U(r), Ve(r)) = Sd_lU(m)\i/g(rn)do(n), re(0,1),
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do not depend on r. Furthermore, < U, \i'g >= (fu,Ye) with fuy being the boundary
value distribution of U, defined in (3.18).

Proof. The validity of (a) is immediate from the theory of spherical harmonics as
|22~ W, (7) is the Kelvin transform of Wg.
To prove (b) we observe that by (3.22)

fu=">_{fv,ve)ve,

fex

where the convergence is in S’(S%~1). Hence, by harmonic extension

U(rn) =3 _{(fu, be)We(rn).

cex

On the other hand, by the properties of {Z;} it readily follows that

(U(r), Ue(r)) = (fu,ve)
and this completes the proof. [

4. BESOV AND TRIEBEL-LIZORKIN SPACES

We now center on Besov spaces B;?(3) and Triebel-Lizorkin spaces Fj;?(3()
consisting of harmonic functions on the unit ball B¢. As will be shown these spaces
can be identified with the Besov B,? and Triebel-Lizorkin 7 spaces of distributions
on the unit sphere S4~1.

4.1. Harmonic Besov and Triebel-Lizorkin spaces on B¢. For U € H(B%)
and 8 € R we define
oo N(k d)
(4.1)  JOU(r€) : Zrk k+1)" Z by (U) Y3 (€), 0<r <1, £eSL
k=

By (3.6) it follows that the above series converges absolutely and uniformly on every
compact subset of B¢ and hence JAU is a well deﬁned harmonic function on B<.

Observe that if, for example, f € S(Sd b, = Jsa—1 Py, 7€) f(y)do(y) is
the Poisson integral of f, and TU (r¢) := 4= (rU(rﬁ)) then JmU(ré) =T™U(r§),
m € N.

Definition 4.1. Let se R, 0< g < oo, and 8 := s+ 1.
(a) The harmonic Besov space B;?(3(), 0 < p < oo, is defined as the set of all
U € H(B?) such that

dr )1/q

1
Ul psnca) = (/O (L =) T PU ()| gy 7

<oo ifqg# o

and

U]

gy = sup (1—r)? 75| TPU(r)|| o ga-1y < 0.
P 0<r<1

(b) The harmonic Triebel-Lizorkin space Fj;?(3), 0 < p < oo, is defined as the
set of all U € H(B?) such that

P ¢ _H(/ (1= )P =8y )|q1d_r )1/q‘

r

<oo ifg#

||U‘ L d—
P(SI=1)
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and
||U||Fsoc(g{ = H 5up 1—7“)5 S|J~ BU \‘

Lr(sd-1)

As will be shown, choosing an arbitrary § > s above will result in equivalent
quasi-norms for B;q(ﬂ-f) and F;q(ﬂf), respectively. The choice 8 = s+ 1 suppresses
the dependence of the quasi-norm on 8 and simplifies the notation.

Some other basic properties of the harmonic Besov and Triebel-Lizorkin spaces
Bp4(3() and F,;9(H) are given in Proposition 4.4 below.

We next show that the harmonic functions U from B;9(3) and F;9(3() have
coefficients of at most polynomial growth (see (3.7)).

Proposition 4.2. Let s € R, 0 < p,q < co. Then there exist constants v,c¢ > 0
such that for any U € By1(3H)

(4.2) b (U)] < c(k + 1)U

B;q, V:L...,N(k,d), k:O,l,

The same estimate holds for any U € F3%(3), 0 < p < oo, with ||U]
[Ullgsa on the right.

Fge in place of

This proposition will follow from the next lemma that will play an important
role in the sequel.

Lemma 4.3. Let U € H(BY) and formally denote

N(k,d)

(4.3) F=>" br(U)Yiu,

k>0 v=1

which simply means that by, (f) := b, (U). Also, let the function ¢ € C*°(R) and
supp ¢ C [1/2,2]. Write

27

(4.4) Box fi=Zoxf, Pjxfi=) @ (2Jk1>Zk*f for §>1,

k=0
where Zy, * [ := ZN(k d) by (U) Yy and set
(4.5) Ij=[1-2771-279"1  j>o0.
Then for any B € R, 0 <t <1, and 7 > 0 we have

(46) [0, 5@ < 29 (i [ M0 0] 1

1—1r

)(x))l/t, Vo e S,

where My and M are two versions of the mazimal operator defined in (2.12) and
c > 0 is a constant depending only on ¢,d, 3,t. Moreover,

dr 1/t
(@n e sl < ( / Ul )i << oo,

P

s _ dr \1/t
@) 1oy sl < ([ esss) " i t<r<o,

with constants ¢ depending only on p, p,d, B,t.
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Proof. Observe first that ®; * f and Zj, x f are well defined on S?~! because their
definitions involve finite linear combinations of spherical harmonics.
Let first j > 1. From (4.4) we have for any 0 <r < 1 and § € R

(4.9) Bjxf=) [so(y»’il)r"“(k 1))+ 1) 2k .
k>0

Denote

(4.10) Qjr(x-y) = Z 90(2;{_1 )r_k(k + 1) PZk(z-y), j>1.

k>0

Set N := 2/~! and consider the function A(u) := N Pp(u)r=N¢(u + 1/N)=A.
Clearly, Qjr(z-y) := > 150 Ak/N)Z(z - y) and supp A C [1/2,2]. It is easy to see
that -

IN™ o <er3NNTP for m >0, c¢=c(m,p,pB).

We now invoke Theorem 2.2 to conclude that for any M > 0
9i(d=1).—27*1 9—j
(1+2p(z,y)) "

From (4.1) and (4.4) it follows that J =AU (r¢) = > k>0 r*(k +1)%Z;, x f(€) and
using (4.9) and (4.10) we get

(4.12) Qi f=Qj xJ PU(r), Vre(o,1).

Let Y; be a maximal d-net on S~! with § = 277, and assume that {A¢}ecy,
is a companion disjoint partition of S4~! consisting of measurable sets such that
G(&,2777Y) C Ae C G(£,277), £ € Yj (see (2.3)).

Let 0<t<landsetr;:==1-3- 27772, Then

(411) |Q]T(:Ey)| <c xayegdilv C:C(M7(paﬂvd)'

[i=1-271-279" Y =[r; —27972 r; 4+ 27777
By (4.12) with r» = r; and the fact that 0 < t < 1 it follows that

t

(@13) 1@y @I =] [ Qe )T U)o ty)
Cc
< — su (x| sup [JPU(ry)t
< g &Zyj%i@m I sup 777U (ry)|

Applying Lemma 3.1 with B = B(y,sin27772) C I; x G(y,27772) to the har-
monic on B¢ function J7AU we get
(4.14)

T BT () < 29 / / BT ()| do(n)dr, Yy € Ae, € € V.
I; JG(y,27972)

Therefore, for all 9 € A¢ and y € Ag

1

dr
4.1 “BUry)|t < _—
( 5) |'] (T.]y)| — C/Ij |G(19,

TPU ) o ()1

27j+1)‘ G(9,2-9+1)

<c [ MU @)

] r
J
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where M, is the maximal operator defined in (2.12). From (4.13), (4.11) with

r=rj, r;gj ~ 1, and (4.15) we infer

@ * f(z)|"
9—Jpt i t dr
(4.16) <c£§ (e |A£| AE/ (MU PO ) T do(9)

J, MU0 0)]'
Sd—1 (1427 p(z,9))Mt
Recall that estimate (4.11) hold for any M > 0. We choose M so that Mt > d.
Now, we apply Lemma 2.4 to (4.16) to obtain (4.6) in the case j > 1.
The case 7 = 0 is simpler. Indeed, using Lemma 3.1 and bounding the Jacobian
r4=1 of the spherical change of variables from above by 1 we get

< 27IBtgi(d=1) do(9).

Cc

B+ S = WO = VO < (e [ 1 Uy
1/2 1 _8 ‘ dr
<e / G oy, 17 U o)™
_ ¢ dr
<e [ Mrve)o)' T

for all ¥ € S?1. From the fact that the above inequalities are valid for all ¥ € §4—1
it follows that (4.6) holds in the case j = 0.

In order to prove (4.7) we choose t* € (0,t) and then apply (4.6) with ¢* in the
place of ¢, the maximal inequality (2.13) for a single function with 1 and p/t* in
the place of ¢ and p and Hélder’s inequality (¢/t* > 1) to obtain

oy <o oo 2ol

1—1r

(4.17) < 2B (/I [Mt*(JfﬁU(r-))(.)]t* dr )l/t*Hp

1—1r

< coiB </1 (Mo (TPU () ()] = )me'

1—r

Now applying the maximal inequality (2.14) with ¢* and ¢ in the place of ¢ and ¢
we obtain (4.7).

In turn (4.7) implies (4.8) for p < oo by applying the Minkowski inequality
(t < p). Finally, (4.8) for p = oo follows immediately from (4.6) and the obvious
property of the maximal operator Mg(z) < ||g]co- O

Proof of Proposition 4.2. (i) Let U € F;9(H) and denote by {bx,(U)} the co-
efficients of U, defined in (3.3). Let the function ¢ € C*°(R;) be such that
supp ¢ C [1/2,2] and p(u) = 1 for u € [271/2,21/2]. Just as in (4.4) write

2J

k
(4.18) By f = Zo* f, CI)j*f::ZQO(QJ 1)Zk*f for j> 1,

where Zg # f = SN 5D b (U) Y.
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Let 8 > s and 0 < t < min{1,p, ¢q}. With these notations we use Lemma 4.3 to
conclude that (4.7) is valid. Applying Hoélder’s inequality (g/t > 1) to (4.7) leads
us to

(4.19)
19, + 71, < 2| ([ 1-ver

dr \1/4
1—7’)

p

< 2778

d 1/ )
(/(177~)(5*5)‘1|J*BU(T~)P )| < e e
I; 1—r P P

Here we used that 1 — r ~ 277 whenever r € I;.
Using Lemma 2.5 and (4.19) we obtain, for each j > 1 and 0 < ¢ < o0,

@ * f]l2 < ng(dfl)ll/pfl/%”q)j * fllp < 2 [([@=DI/p=1/2=5]) 17|

P
and
27 N (k,d) N (k,d)

LTRSS SUNCTESD DD S W TS

2j73/2Sk§2j—1/2 v=1

The above and the fact that N C U;j»1[297%/2,2071/2] imply (4.2) for & > 1 with
Ul Bsa(scy replaced by [|U||psa(gc). Also (4.2) for k = 0 follows immediately from
(4.19) with 5 = 0. This proves Proposition 4.2 for Triebel-Lizorkin spaces.

(ii) We next prove (4.2) in the case when U € By9. This proof will follow in the
footsteps of the above proof. We shall borrow from above. Denote by {by, (U)} the
coefficients of U, defined in (3.3). We define ®; * f just as in (4.18).

Let 8 > s and 0 < t < min{1, p, ¢}. With these notations we use Lemma 4.3 to
conclude that (4.8) is valid. Applying Holder’s inequality (¢/t > 1) to (4.8) leads
us to

. _ dr \1a
1, + £, < 2 ([ 1701 E)

—Js —s — dr a —Js
< ([ a=nemr e ) < @ Ul

J

Here we used that 1 —r ~ 277 whenever r € I;.
Further, we proceed just as in the proof of (4.2) in part (i). O

In the next proposition we collect some basic properties of the harmonic Besov
and Triebel-Lizorkin spaces.

Proposition 4.4. (a) The harmonic Besov and Triebel-Lizorkin spaces B,?(H)
and F;9(3) introduced by Definition 4.1 are independent of the selection of the
parameter 3 > s.

(b) The harmonic Besov and Triebel-Lizorkin spaces Bp4(H) and F;9(3) are
continuously embedded into H(B?), that is, for any admissible parameters s,p,q
and any compact K C B? there exists a constant ¢ > 0 such that

(4.20) 10Uy < elUllpge, VU € By(H)
and similarly for U € F39(3).

(c) The spaces Bpi(H) and F 9(H) are complete and hence they are quasi-
Banach spaces (Banach spaces if p,q > 1).
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Proof. Part (a) will follow from the identification of B,?(3() and F;9(3() with
Besov and Triebel-Lizorkin spaces of distributions on S~!, see Remark 5.3. Part
(b) follows readily by Proposition 4.2. The completeness of the harmonic Besov
and Triebel-Lizorkin spaces B,(H) and F;9(H) follows by (b) and a standard
argument using Fatou’s lemma. It also follows by the identification of B,?(3() and
F39(3) with Besov and Triebel-Lizorkin spaces on S?! and the completeness of
the latter spaces. O

4.2. Besov and Triebel-Lizorkin spaces on S®~1. To define Besov and Triebel-
Lizorkin spaces on S?~! we employ functions of the form (3.16).

Definition 4.5. Let s € R, 0 < ¢ < co and ¢ satisfy the conditions: ¢ € C*°(R,),
supp ¢ C [1/2,2], and |p(u)| > ¢ > 0 for u € [3/5,5/3]. For a distribution f € &'
set

(4.21) By % f = Zo* [, q)j*f:Z(p(

k>0

k
27-1

)Zk*fa JZL

where Zj, x f is defined in (3.11).
(a) The Besov space By := B;Q(Sd_l), 0 < p < o0, is defined as the set of all
distributions f € &’ such that

N a\1/aq
B = (Z (2‘j||¢’j * fHLp(Sd*l)) ) < oo,

J=0

(4.22) /]

where the ¢?-norm is replaced by the sup-norm if ¢ = oo.
(b) The Triebel-Lizorkin space F; := f;q(Sd’l), 0 < p < o0, is defined as the
set of all distributions f € &’ such that

4 = (5 @+ s0)) ]
§=0

Lp(s1-1)
where the ¢¢-norm is replaced by the sup-norm if ¢ = co.

Several remarks are in order:

(a) The definitions of the Besov and Triebel-Lizorkin spaces above are inde-
pendent of the particular selection of the function ¢ with the required properties.
Different ¢’s produce equivalent quasi-norms and one may impose additional con-
ditions on ¢ if necessary.

(b) The class S is continuously embedded in each of the spaces B,? and F1,
that is, there exist constants m > 0 and ¢ > 0 depending only on s, p, g such that

(4.24) [6llg;e < cPn(8), Vo €S,

and the same inequality holds with B;¢ replaced by F;.
(c) The spaces B;? and F,¢ are continuously embedded in &', which means that
for any s € R and 0 < p,q < oo there exist constants ¢ > 0 and m € Ny such that

(4.25) [(f; o) < cllfllgzePm(9), Vf B, VoeS,

P )
and similarly for the Triebel-Lizorkin spaces J;7.
(d) The above readily implies that B, and F;? are complete and hence they are
quasi-Banach spaces (Banach spaces if p,q > 1).
For details and proofs, see [17].
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5. IDENTIFICATION OF HARMONIC BESOV AND TRIEBEL-LIZORKIN SPACES
‘We now come to the main assertions in this article.
Theorem 5.1. Let s € R, 0 < p < o0, 0 < ¢ < oco. A harmonic function

U € Fj9H) if and only if its boundary value distribution f = fu defined by (3.18)
belongs to F37(S*"1), moreover ||U] msa ~ | fllzze

Theorem 5.2. Let s € R, 0 < p,q < co. A harmonic function U € By?(H) if
and only if its boundary value distribution f = fy belongs to B;Q(Sd_l), moreover

Ul gz ~ II.f]

sq .,
BP

We start with the proof of Theorem 5.1, which is somewhat more involved than
the proof of Theorem 5.2.

5.1. Proof of Theorem 5.1. (i) We first show that if f = fy € F59(S*!) is the
boundary distribution of a harmonic function U € H(B?) with f; defined in (3.18),
then U € F;q(f}f) and ||U‘ Fe < CHf| Fia.

Let ¢ € C*°(Ry) be such that suppe C [1/2,2] and ¢ satisfy (3.15). Define
the kernels ®;, j = 0,1,..., just as in (3.16). Also, choose ¢ € C*°(R4) so that
supp ¢ C [1/4,4] and ¢(u) = 1 for u € [1/2,2]. Set

ke
y%)ﬁ%+lwzﬂfy% j>1,0<r<1.

(5.1 Qnlaey) = ¢

k>0

Denote briefly N := 291 and let g(u) :== NP@(u)rVN*(u+1/N)P. Clearly, we have
Qjr(®-y) =3 450 9(k/N)Zy(z - y) and supp g C [1/4,4]. It is readily seen that

g™ loo < er™/ENP for m >0, = c(m, 3, B).
Then applying Theorem 2.2 we conclude that for any M > 0

9i(d—1),.2/ "% 9B

(1429 p(a, )"

(52) |Q~]T’(Iy)| <c vm,yegdfl’ C:C(Ma¢7ﬂad)'

From (3.15) and the fact that ¢(u) = 1 for u € supp ¢ we get for all £ € S¢1

TPU@e) = rk(k+1)"Zi = £(£)

k>0

(53) = 2+ £©) + 30 2 8 (r ) 4 1% (e ) Zi = £(6)

§>1k>0

= Zox f() + Y Qjrx Dy % f(£).

j>1
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Choose 0 < t < min{p, q}. Clearly ®; * f € IIy;+1. Then by (5.2) with M =
(d—1)/t+ d and Lemma 2.3 it follows that
Qi+ @5 % f()]

4 . J(d=1) | .
<cer? 235/ 2 : [ *(5—(?))/|t+d do(y)
511 (1 + 27p(z,y))

j— . (b Qj(d_l)
(5.4) <cr¥ 9B sup @5+ f()l — / - Zdo(y)
yeSTTL (14 2041 p(z,y)) * 80 (1+27p(z,y))

§cr2j_42j6/\/lt(<1>j * f)(z).

Here for the last inequality we used (2.17). Hence,

(55)  IPUEE < |Zox [©) + 3 PEMUB; 5 f)(E), VEEST,
Jj=1
implying
1Ullrge < e(llZo* fllp + N) < el 750 +N)
with

_H(/ (1) q)q(Z:TzJ 423[3Mt(q) *f)o)qlcﬁ»r)l/q

It remains to show that V' < ¢| f[| zsa. Three cases are to be considered here.
Case 1: 0 < g < 1. We have

(/O (1=n) Z 2 a9iBa M, (B, *f)(.)]qlcﬁ”»l/q
(Z 20 M (5 % F)()] /01(1 - T)(B*S)Q*ITZJ_“da)I/q

p

N<e

p

p

and applying first inequality (2.19) and then the maximal inequality (2.13) we arrive
at

N < (2 mae; « o)

j>1

- 1/q
<d|(So 2@ rO17) | = ellfllzge
i>1 i

P

Case 2: 1 < q < co. We write
(3o 28 My(@ 5 1))

i>1
_ (Z (T2J*42j(ﬁ—s))171/q (r2j—4>1/q2j[s+(5—3)/(I]Mt((I)j % f)(,))q

j>1
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and applying Holder’s inequality and (2.20) we get

(32 My, + f)(-))q

(Z 27— —s)/dlq [M(cp * f)( )(Z 2J4‘7)_1

j>1 jz1
<Y1 - )T DiGat i (AL (@) x £)()] .
j>1

Therefore, using the above, (2.19), and the maximal inequality (2.13) we obtain

J(sq+pB—s % 149 17,‘7‘—4 _ p)Bs— rl/q
V(e e [ eean)
<o (Zeimaa = nep)
<o (e, - s00) )| <

Case 3: ¢ = co. We have
= sup (1—r)’* 271916 M, D; H
N = || sup ( Sor @5+ N0

0<r<1 i>1

< Hsup2j8/\/lt(<1>j * £)(-) sup (1—r) B SZ 0i— 42](;3 s)
j=>1

0<r<1 i>1

P
< el sup 2o My (@; 5 1)) < ] sup 271« O = ell g
Jj=>1 p j>1 p
For the second inequality above we used (2.20) and for the third inequality we

used the maximal inequality (2.13). The proof of the first part of the theorem is
complete.

(ii) In this part, we show that if U € F;9(3(), then the boundary distribution
f € 8 associated to U belongs to F39(S!) and | f| Fsa < U]
relies on Lemma 4.3.

Following Proposition 3.2 we write

F31- This pI‘OOf

N (k.d)
(5.6) f= Z Z biw (U) Yk = Z Zy * f,  (convergence in S’)
E>0 v=1 k>0

where Zj, x f is defined in (3.11).

Let ®; and ¢ be just as in the definition of Besov and Triebel-Lizorkin spaces
on S?1 (Definition 4.5 in §4.2), that is, ®; is defined by (4.21) with p € C>®(R),
le(u)] > ¢ >0 for u € [3/5,5/3], and supp ¢ C [1/2,2].

Let § > s and 0 < t < min{1,p, ¢}. Lemma 4.3 yields for j >0

(5.7) @5 f(z)] < cz—jﬁ(Ml(/l» M (T PU () ()] dr )(x))l/t, Vo € §%1.

1—7r

Now, we are prepared to estimate
whether ¢ < co or ¢ = 00

F=a. We consider two cases depending on
p
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Case 1: ¢ < co. We obtain from (4.23) and (5.7)
I < o (322701 (a [ o)) 0)")

Lp

= c“(j%gj(ﬁsﬁ%/lj [Mt(J*BU(r,))(.)}t1d_7“r>tJ/t)1/q

Here we applied the maximal inequality (2.13) with 1, ¢/t and p/t in the place of
t, ¢, p. Now, applying Holder’s inequality (¢/t > 1) to [, --- we get
J

e

Illze < CH (;}2j(68)q /Ij [Mt(J*ﬁU(r.))(.)}q 1d_7”r>1/q B
- CH(/;“ R P o)1) Ky e [

where we used that 1 — 7 ~ 277 for r € I;. At this point we apply the maximal
inequality (2.14) and obtain

/
drr)l q

1
[fllFge < CH (/0 (1- r)(ﬂ*8>q|J*ﬁU(r.)|qi

=l

Case 2: ¢ = co. Using (5.7) we have
[l = I sup 27 @; % f()],
720

ScHsupZ‘j(ﬁ_s) [./\/l1(/ [Mt(J_ﬁU(T'))(')]t dr )(')r/t

>0 I; 1—r

<o [Ma(sup2 0 [ b0 0]' 12 )o]”

j>0 1—1r

p

j p

Since p/t > 1 we can apply the maximal inequality (2.13) for a single function to
obtain

up2 00 ([ o] 1)

7>0 I 1—-r

/]

f;w S (&
Applying Hélder’s inequality (1/¢t > 1) to [, --- we get
J

/1

Fio < sup27j(675)/ M(JPU@r))()
I

dr H
j=0 p

1—1r

< ¢|[sup2773=%) sup Mt(J_BU(T'))(')H
3>0 rel; p

<c|l sup (1 —r)P M (JPU(r))()

0<r<1

p

<ec ./\/lt( sup (1 —T)ﬁ_S|J_ﬁU(T')D(')

0<r<1

‘P

Applying again the maximal inequality (2.13) for a single function we arrive at

177 < e sup (1 === Ul| = ellUlre.

sup
o<r<1

The proof of Theorem 5.1 is complete. (]
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5.2. Proof of Theorem 5.2. This proof will follow in the footsteps of the one for
the Triebel-Lizorkin spaces (§5.1). We shall adhere to the notation there and only
indicated the necessary changes.

(i) We first show that if f € B3?(S!) is the boundary distribution of a harmonic
extension U € H(B?), i.e. f = fy, then U € B34(H) and 1Ullgsa < cllfllmsa-

Let ¢ € C*°(R) be such that supp ¢ C [1/2,2] and ¢ satisfy (3.15). Define the
kernels ®;,  =0,1,..., as in (3.16). Just as in the case of Triebel-Lizorkin spaces
we have the representation

TPU(rE) = Zox f(§) + D Qe+ B+ f(§), VEeS™,
Jj=21
with Qj,. from (5.1). Then by (5.4)

Qe+ @5 5 FO] < er? 2P MU(D 5 f)(€), =1,
for any 0 < ¢ < min{p, ¢q}. Now, applying the maximal inequality (2.13) we infer
for p < o0
1Qjr @ % fllp < e 27|25 % £l
For p = oo the above implication is immediate. Therefore, putting p* := min{1, p}
we have

— * * J—4, % o % *
(5.8) [TPU@)E < 1 Zox 5+ r® P27 | ®;x f5.
i>1

Assuming g < oo, this yields

Ul gz < c(llfllgze +N),
' (B—s)q 294 p* i Bp* p* a/p” dr \1/4
(5.9) N:(/OU—” (Sor o ey fl7 ) )
jz1

Three cases present themselves here.
Case 1: 0 < g < p*. Using that ¢/p* < 1 we get

1 . )
N1 < C/ (1 —r)B=s)a er 4q2j,6q||q)j « fI|g
0

jz1

dr
1_

=cY 2%, *f||g/ (1 — ) B=)a=1p2 " a gy

1
i>1 0

We now apply inequality (2.19) to obtain
N < ey 250 @ flI < cl| |0

j>1
as desired.
Case 2: p* < q < oco. Write
j — * . * * q/p*
(e 1)

Jj=z1

p*

_ (Z (T2J*4p*2j(ﬂ—s)p*)1—% (T2j*4p*)72j [s+(,8—8)%]l>* H‘I)j * ng*)q/p*.
j=1



22 KAMEN IVANOV AND PENCHO PETRUSHEV

Applying Holder’s inequality (using that ¢/p* > 1) we get
J—4 *x * * q/p*
(o 7w ey« g1y

Jj=1
< (Zr2j—4p*2j [s—i—(,@—s)%]q"@j % fHZ) (Zrgj*4p*2j(ﬁ_s)p*)Q/p*,1-

j=1 j>1
Using inequality (2.20) we obtain

(Z T2j’4p*2j(/375)?*>

Jj=1

apt < el — )~ B=9)a=p"),

Putting the above two estimates in (5.9) we get
e B LR
i>1

1 .
X / (1—r)B=s)a=1(q — r)*(BfS)(qu*)r?]“‘p*dr
0

1 ,
< CZ lsa+ (8= || @ ; « f”g/ (1— T)(B—S)p*—lﬁj"‘p*dr.
0

jz1
We apply inequality (2.19) to the above integral to obtain
N9 < CZ2j[sq+(ﬁ78)p*]2*j(ﬁ78)p* 1@, * £
j=1

=) 20%)|D; « f||9 < c||f]

Jj=1

q
B!

as desired.

Case 3: g = oco. From (5.8) we obtain

* * * j—4. * - * *
—s 27
U s < 11 Z0 % fII5" +c sup (1—r) @97 " p2 02307 @) 5 f|p
P 0<r<1 =1
J>
* . p * j—4, * - *
P sj (B—s)p 277 p* 9 (B—s)p
Raoo FC( sUp2¥(|®; % f|,) sup (1—r) E r 2
P i>1 o<r<1 i>1

<l

*

* . p *
< e +e(sup 205 £1,)" = el £l

where for the last inequality we used (2.19). This completes the proof of the first
part of the theorem.

(ii) We next show that if U € B,?(3(), then the boundary distribution f = fir €
S’ associated to U belongs to B37(S*~!) and | f| g1 < c||U]|psa.

Let ®;, j = 0,1,..., be just as in the definition of Besov and Triebel-Lizorkin
spaces on S?~1 (Definition 4.5 in §4.2). Then inequality (4.8) holds for these ®,’s
and the function f from the hypothesis. This inequality coupled with the definition
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of || fllgze in (4.23) leads to
_i(B—s _ dr \a/t\1/q
sy < e( 27 ( [ vl )")
§>0 g
4 dr \1/4
< —J(B—s)q -8 )¢
<o [ e )
j=0 J
1
dr \1/4
_ N B=9a| 7B (. _ »
<ol [ =T " = v ag

Here for the second inequality we applied Holder’s inequality (¢/t > 1) to [, ---.
The proof of Theorem 5.2 is complete. d

Remark 5.3. Theorems 5.1 and 5.2 readily yield that the harmonic Triebel-
Lizorkin and Besov space norms introduced in Definition 4.1 are equivalent for
different 8 > s.

6. FRAME CHARACTERIZATION OF HARMONIC BESOV AND TRIEBEL-LIZORKIN
SPACES ON B¢

Theorems 5.1 and 5.2 allow easily to transfer results on Besov and Triebel-
Lizorkin spaces on S ! to harmonic Besov and Triebel-Lizorkin spaces on B¢.
Here we record the frame characterization of harmonic Besov and Triebel-Lizorkin
spaces on B¢ that follows by the respective results on S~ from [17].

We assume that {¥,}ecx are the harmonic needlets and {U¢}ecx is its dual
frame, defined in (3.26)—(3.27). Recall that X := U;>oX; contains the centers of
localization of the needlets on S~! and {A¢}ecx, (j = 0) is a disjoint partition of
S4=1, defined in §3.3.

Definition 6.1. Let s € R, 0 < p,q < co. The Besov sequence space b;? is defined
as the set of all sequences of complex numbers h = {h¢}ecx such that

by? = (i |:2j($+(d—1)/2—(d—1)/p)( Z ‘h£|p) 1/p}q)1/q <0

7=0 £EX;

(6.1) |h

with the usual modification when p = 0o or ¢ = .

We introduce the operators:
Analysis operator: Sg : U+ {< U, U¢ >}ecx,
Synthesis operator: Ty : {he}teex > D ecr heWe.

Theorem 6.2. Let s € R and 0 < p,q < oo. Then the operators Sg : By? — byl
and Ty : b7 — Bp? are bounded, Ty o Sg, = 1d in By?. Consequently, a harmonic

function U € By? if and only if {< U, U >} e by? and
- > A - 1/pyay 1/q
1Ulsg0 ~ 1< U B >Higgo~ (30 [29 (30 1< U e > el geny) )
Jj=0 EEX;
where < U, U¢ > is defined in (3.29).

In the following we adhere to the notation from above.
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Definition 6.3. Let s € R, 0 < p < 00, and 0 < ¢ < oo. The Triebel-Lizorkin
sequence space f,? is defined as the set of all sequences of complex numbers h =
{he}eex such that

(6.2) Hh”f;q — H(Z [|A£|*S/(d*1)71/2|hg|]1145(~)} q) 1/q‘

fex

< 00,
Lp(Sd-1)

where 1 Ae stands for the characteristic function of Ag.

Theorem 6.4. Let s € R and 0 < p < 00, 0 < g < oo. Then the operators
Sy FJ9 = § and Ty : §;7 — F7 are bounded, TyoSg = 1d in Fj9. Consequently,
a harmonic function U € FJ9 if and only if {< U, @5 >} e fpl and

> - 1/q
e [(Do 290 3 1< U0 > ) |

Jj=0 £eX;

Theorems 6.2 and 6.4 follow readily by Theorems 4.5 and 5.5 in [17] and Theo-
rems 5.2 and 5.1 above. We omit the details.

Ul gge ~ I{< U, ¥ >}

Le(si-1)’

7. HARMONIC HARDY SPACES

Here we consider the harmonic Hardy spaces H?(B%) on the ball (usually denoted
by h?(B%)), see e.g. [1, Chapter 6].

Definition 7.1. The space HP := HP(B%), 1 < p < o0, is defined as the set of all
harmonic functions U € 3(B%) such that

(7.1) 1Ullscr := sup [Tl gngees) < o
0<r<1

Proposition 4.3 in [17] and Theorem 5.1 imply the following identification of
harmonic Hardy spaces:

Proposition 7.2. For 1 < p < oo, we have
d d—1 02 (qd—1 02 : -
(7.2) HP(BT) ~ LP(S"77) ~ F,5 (8% 7) ~ F°(3)  with equivalent norms.

More precisely, there exists a boundedly invertible linear map between any two of
the above spaces.

Proof. Let
PI0E) = [ P fwioly) for fe L), 1<p <,

where P(y,r) is the Poisson kernel, defined in (2.6). As is well known (see e.g.
[1, Theorem 6.13]) for any U € HP(B?), 1 < p < oo, there exists a function
f = fu € LP(S*!) such that U = Pf. As P(y,r¢) is a summability kernel
on St we have ||f(:) — Pf(r)|l, — 0 as v — 1— and ||[Pf(r)|, < ||fll, for
0 <r < 1. Therefore, |U|lgce = || f]lLe-

On the other hand, from the properties of the Poisson kernel it readily follows
that if f € LP(S?1), 1 < p < oo, then Pf € HP(B?) and fp; = f, using the
notation from above.

Therefore, P : LP(S?1) — HP(B?), 1 < p < oo, is a linear isometric isomor-
phism, leading to the identification HP(B?) ~ LP(S%~1) in (7.2).

The identification LP(S*"!) ~ F9?(S%~1) is established in [17, Proposition 4.3]
and F2(S?"1) ~ FY?(H) follows by Theorem 5.1. O
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8. HARMONIC BESOV AND TRIEBEL-LIZORKIN SPACES ON R?\ B4

It is natural to consider the set H(R%\ B4) of all harmonic functions U on R%\ B4
such that lim|,| 0 U(z) = 0if d > 2 or lim;|_,oc U(x) = const. if d = 2. As is well
known the Kelvin transform

KU(x) := |27 U (z/|2])
maps one-to-one H(B%) onto H(Rd\giand H(R™M B9) onto H(B?). Consequently,
every harmonic function U € H(R?\ B4) has the representation

N(k,d)

Z|x|k+d 2 Z br (U Y’w<| |) [ > 1,

where by, (U) := a***=2 [, , U(an)Yi,(n)do(n), a > 1. Above the series converges

absolutely and uniformly on every closed subset of RY\ B,
In this setting the operator J” (see (4.1)) is defined by

o N(k d)
JBU(Tg) = Z (Tk+d P Z bku Ykl/ ) r> 1, 5 S Sdil.
k=0

Then the harmonic Besov space B;(H), s € R, 0 < p,q < oo, on R4 \ﬁ is defined
by the quasi-norm (5 :=s+ 1)

U]

e dr 1/q
. —1 —s — .
B3I(H) = (/1 (1 —r )(5 )‘IHJ ﬁU(T')”%p(gdﬂ)m) 1fq 7é o0

and by the usual modification of this norm when ¢ = co
Similarly, the harmonic Triebel-Lizorkin space F,9(H), s € R, 0 < p < oo,

0 < g < oo, on R? \ﬁ is defined by the quasi-norm (8 := s+ 1)

11l g2 ca0) == H(/loo(l—r1)<Bs>q|JﬁU(r.)|qr(rdrl))1/q‘

if ¢ # o0

Lp(Sd-1)

and with the obvious modification if ¢ = oo

It is readily seen that the Kelvin transform is an isometric isomorphism between
the harmonic Besov spaces B3?(H) on B? and on R?\ B? as well as between
the harmonic Triebel-Lizorkin spaces FJ4 (H) on B? and on R?\ B¢, Moreover,
the Kelvin transform retains unchanged the boundary distributions in both cases.
Therefore, the identifications established in Theorems 5.1 and 5.2 above are valid
for the respective harmonic Besov and Triebel-Lizorkin spaces on R% \ﬁ as well.

One also applies the Kelvin transform to the frames from §3.4 to construct a pair
of dual frames {W¢lecr, {Ue}eex, where each frame element We is a harmonic
function on R%\ B4. Then frame characterization of the harmonic Besov and
Triebel-Lizorkin spaces on R? \ﬁ follows easily by Theorems 6.2 and 6.4. We skip
the details.

In sum, by virtue of the Kelvin transform one obtains analogues of all results in
this article for harmonic functions on R%\ B,
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9. APPENDIX
9.1. Proof of Lemma 2.3. Assume g € IIy. Let A € C*°(R,) be an admissible
function of type (a) in the sense of Definition 2.1. Set
An(x-y)=>_ Ak/N)Zp(z-y).
k>0

Clearly, Ay * g = g and by Theorem 2.2 for any M > 0 there exists a constant
¢ > 0 such that for z,y,z € S*!

cp(z,y) N
(14 Np(z,2))M’

Fix 0 < € < 1. For y € S*! we have

9.1)  |An(z-2) —An(y-2)| < if p(z,y) < N°L

< inf u)| + su —g(u
oWl = o dnf,_, lo()] uEG(yENﬂ)Ig(y) g(w)]

and hence

lg(y)] infyeq(y.en—1) lg(u)]
H(x) = < )
()= S T Npla, g @7 = 2P T+ Npla, )@

+ sup SUPyueG(y,eN—1) |g(y) - g(u)‘
yesi-1 (14 Np(x,y)) -/t

=: Hl(l') + Hy(z).
To estimate H;(x) we first note that

o0l < (g5 owltdou)

inf ——
u€G(y,eN~1) y?EN_1)| G(y,eN—1)

implying

Gl pla,y) +eN D\
#1(0) < (T s Moo )

1/t
L tdo(u
(9.2) x <|G’(I,p(x,y)+€]\71) Cy.eN-1) lg(u)["do( )) .

Since G(z, p(z,y) + eN~') C G(y,2p(z,y) +eN~1), we have
|G (2, p(x,y) +eN"")| < |Gy, 2p(x,y) + N7
< (2/e)" (14 Np(x, ) 'G(y,eN 7).

We use the above in (9.2) and enlarge the region of integration in (9.2) from
B(y,eN~1) to G(z, p(z,y) + eN~ 1) to bound H;(z) by

1/t
1
ce(—d+D/t sup < |g(u)|tda(u)>

yeSd-1 ‘G(I, p(I, y) + ENil) G(z,p(x,y)+eN—1)
< eV Myg().
Therefore,

(9.3) Hy(z) < e/ Myg(x).



HARMONIC BESOV AND TRIEBEL-LIZORKIN SPACES ON THE BALL 27

We now estimate Hy(x). Using (9.1) we obtain
sup  |g(y) —g(u)| < sup / [An(y - 2) — An(u- 2)]|g(2)|do(z)
ueG(y,eN—1) uweG(y,eN—1)Jsd-1

Nd
<¢  sw / Py, u)lg(zz\L o(2)
u€G(y,eN—1) JSd-1 (1 —|—Np(y,z))

N1 g(z)| (s
=ce /Sd—l (1 +Np(y72))Md (2)

and choosing M := (d — 1)/t 4+ d we get

Na=1ig(z
Hy(z) < ce sup / Y l9(2) 1,
yesi—1 Jsim1 (L+ Np(y,z)) = (1+ Np(y,2)) = *

Clearly, 1 + Np(z,2) < (1 4+ Np(y,z))(1 + Np(y, z)) and hence

do(z).

Nd—l
Hy(z) < ce sup / d_|1g(z)| do(z)
yeSd—1 Jgd—1 (1 + Np(l', Z))T (1 + Np(y7 z))d
l9(2)l / Nt
< ce sup —  sup —————do(z
z€Sd—-1 (1 =+ N,O(SC, Z))% yeSd—1 Jgd-1 (1 + Np(ya z))d ( )
< deH(z),

where for the last inequality we used (2.17). From this and (9.3) we infer
H(z) < ce "D Mg(x) + deH ().

Here the constants ¢ and ¢’ are independent of e. Consequently, choosing ¢ so that
c’e = 1/2 and taking into account that H(x) < co we obtain (2.15). O
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