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DECOMPOSITION OF WEIGHTED TRIEBEL-LIZORKIN AND
BESOV SPACES ON THE BALL

GEORGE KYRIAZIS, PENCHO PETRUSHEV, AND YUAN XU

ABSTRACT. Weighted Triebel-Lizorkin and Besov spaces on the unit ball B?
in R? with weights wy,(z) = (1 — |z|?)*~1/2, u > 0, are introduced and ex-
plored. A decomposition scheme is developed in terms of almost exponentially
localized polynomial elements (needlets) {¢¢}, {¢¢} and it is shown that the
membership of a distribution to the weighted Triebel-Lizorkin or Besov spaces
can be determined by the size of the needlet coefficients {(f, p¢)} in appropri-
ate sequence spaces.

1. INTRODUCTION

Localized bases and frames allow to decompose functions and distributions in
terms of building blocks of simple nature and have numerous advantages over other
means of representation. In particular, they enable one to encode smoothness and
other norms in terms of the coefficients of the decompositions. Meyer’s wavelets [12]
and the p-transform of Frazier and Jawerth [6, 7, 8] provide such building blocks
for decomposition of Triebel-Lizorkin and Besov spaces in the classical case on R

The aim of this article is to develop similar tools for decomposition of weighted
Triebel-Lizorkin and Besov spaces on the unit ball B¢ in R? (d > 1) with weights

w(w) = (1= [a)*~12, p=>0,

were |z| is the Euclidean norm of z € B?. These include L,(B% w),), the Hardy
spaces Hp(Bd,wu), and weighted Sobolev spaces. For our purposes we develop
localized frames which can be viewed as an analogue of the ¢-transform of Frazier
and Jawerth on B<.

For the construction of our frame elements we shall use orthogonal polynomials in
the weighted space Lo(w,,) := La(B%,w,). Denote by II,, the space of all algebraic
polynomials of degree n in d variables and by V,, the subspace of all polynomials of
degree n which are orthogonal to lower degree polynomials in Lo(w,). These are
eigenspaces of the differential operator

(1.1) D, =-A+ (z,V)* + (2u+d—1)(z, V).
More precisely (see e.g. [4]),
(1.2) D,P=n(n+d+2u—1)P for PeV,.
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We have the orthogonal polynomial decomposition
(1.3) Ly(w,) =@ Ve, Va I
n=0

Note that dimV,, = (""97") ~ n?~1. As is shown in [22] the orthogonal projector
Proj,, : La(w,) — V,, can be written as

(1.4) (Proj,, f)(x) = e FW)Pn(z,y)w,(y)dy,

where, for p > 0, the kernel P, (z,y) has the representation
1 A

(15)  Palwy) =¥p I

x / 11 C (e y) +uy/T=aPVT=TyP) (1 - u?)*~du.

Here (x,y) is the Euclidean inner product in R%, C is the n-th degree Gegenbauer
polynomial,

d—1
(1.6) A=p+ —5

_1
and the constants by, b} 7 are defined by (b))~ := [L.(1 — |z]?)7"1/2dz. For
a representation of P, (z,y) in the limiting case u = 0, see (4.2) in [16].
Evidently,

n
(L.7) Kn(z,y) =Y Pj(z,y)

§=0
is the kernel of the orthogonal projector of Ly(w,) onto the space @@, _, V..

A key role in this study will play the fact (established in [16]) that if the coeffi-
cients on the right in (1.7) are “smoothed out” by sampling a compactly supported
C® function, then the resulting kernel has nearly exponential localization around
the main diagonal y = = in B% x B?. More precisely, let

N a(d\p.
(1.8) La(z.y) =Y a(2)Py(e,y).
7=0
where the “smoothing” function @ is admissible in the sense of the following defi-
nition:

Definition 1.1. A function a € C*°[0,00) is called admissible of type
(a) if suppa C [0,2] and a(t) =1 on [0,1], and of type
(b) if suppa C [1/2,2].

We introduce the distance
(1.9) d(x,y) := arccos {(w,y) + 1 —|z2/1— |y\2} on B¢

and set

2p
(1.10) W, (n;z) := ( 1—1z|? —|—n_1> , x€ B
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One of our main results in [16, Theorem 4.2] asserts that for any & > 0 there exists
a constant ¢, > 0 depending only on k, d, u, and @ such that

nd

VW (s 2) /W (s y) (1 + nd(, )+
The kernels L,, are our main ingredient in constructing analysis and synthesis
needlet systems {(¢ }ecx and {9)¢ }¢cx here, indexed by a multilevel set X' = U2 X

(83). This is a pair of dual frames whose elements have nearly exponential local-
ization on B? and provide representation of every distribution f on B%:

(1.12) F= (f pe)te.

fex

(1.11) | Ln(z,9)| < c x,y € BL.

The superb localization of the frame elements prompted us to term them needlets.
Our main interest lies with distributions in the weighted Triebel-Lizorkin (F-

spaces) and Besov spaces (B-spaces) on B?. These spaces are naturally defined via

spectral decompositions (see [17, 20] for the general idea). To be specific, let

OOA v )
o(ey) =1 and @(0,y):= Y (57 )Puley) 21,

where P(-,-) is from (1.5) and @ is admissible of type (b) (see Definition 1.1) such
that [a] > 0 on [3/5,5/3].

The F-space F,;? with s,p € R, 0 < p < 00, 0 < ¢ < oo, is defined (§4) as the
space of all distributions f on B? such that

< 00,
Lyp(wy)

e’} 1/q
13) Ul = || (T w e, « sy
7=0

where ®; * f(x) := (f, ®(z,-)) (see Definition 2.7).
The corresponding scales of weighted Besov spaces B, with s,p € R, 0 < p,q <
00, are defined (§5) via the (quasi-)norms

>0 , ) a\ 1/q
a1 e = (3 (27IWa )70, 5 FOly )|

=0

Unlike in the classical case on R?, we have introduced an additional parameter p,
which allows considering different scales of Triebel-Lizorkin and Besov spaces. To us
most natural are the spaces
(1.15) F,=F,; and B =B,

pg’

which scale (are embedded) correctly with respect to the smoothness parameter s.
A “classical” choice would be to consider the spaces F;g and Bf,g, where the weight
W,.(27;-) is excluded from (1.13)-(1.14). The introduction of the parameter p en-
ables us to treat these spaces simultaneously.

One of the main results of this paper is the characterization of the F-spaces in

terms of the size of the needlet coefficients in the decomposition (1.12), namely,

00 ) 1/q
Iz ~ [ (29 3 W paWut2i 9 eriueor)

J=0  gex;

Lp(wy) '
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Similarly for the Besov spaces B,f we have the characterization (§5)

g ~ (29[S (W@ s el )] )
=0

EEX;

Further, the weighted Besov spaces are applied to nonlinear n-term approxima-
tion from needlets on B¢ (§6).

This is a follow-up paper of [16], where the localization (1.11) is established and
the construction and basic properties of a single system of needlets are given. Our
development here is a part of a broader undertaking for needlet characterization
of Triebel-Lizorkin and Besov spaces on nonclassical domains, including the mul-
tidimensional unit sphere [13, 14], ball, and cube (interval [11, 15]) with weights.
The results in this paper generalize the results in the univariate case from [11]
(with o = (3), where needlet characterizations of F- and B-spaces on the interval
are obtained.

The organization of the paper is the following: In §2 the needed results from [16]
and some background material are given, including localized polynomial kernels,
the maximal operator, distributions on B?, and cubature formula on BY. The
definition and some basic properties of needlets are given in §3. In §4 the weighted
Triebel-Lizorlin space on B? are introduced and characterized via needlets, while
the weighted Besov spaces are explored in §5. In §6 Besov spaces are applied to
nonlinear n-term approximation from needlets. Section 7 contains the proofs of
various lemmas from previous sections.

Throughout the paper we use the following notation:

1/
1= ([ 1r@Pwa@iz) " 0<p<oo flls = esssupaepl (o)

For a measurable set E C B¢, |E| denotes the Lebesgue measure of E, m(E) :=
S wu(z)dx, 1 is the characteristic function of F, and Ig:=|m(E)|"Y?1g is the
Ly(w,) normalized characteristic function of E. Positive constants are denoted by
¢, C1,C4, ... and they may vary at every occurrence; A ~ B means c;A < B < ¢ A.

2. PRELIMINARIES

2.1. Localized polynomial kernels on B¢. The polynomial kernels L, (z,)
introduced in (1.8) will be our main vehicle in developing needlet systems. Here we
give come additional properties of these kernels.

We have

nd

1-1/p
(2.1) | Ln(z,)|lp < C(W ) , zeBY 0<p<oo.

u(n; x)

This estimate is an immediate consequence of (1.11) and the following lemma (see
[16, Lemma 4.6]), which will be instrumental in several proofs below.

Lemma 2.1. Ifo >d/p+2u|1/p—1/2], p >0, 0 < p < oo, then

wy(y)dy —d 1-p/2
. < : p/e,
22) /B Wolm )2 (1 + nd(a, e = <" Vulie)

We now establish a matching lower bound estimate.
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Theorem 2.2. Let a be admissible and [a(t)| > ¢, > 0 fort € [3/5,5/3]. Then for
O<p<ooandn>2
nd 1-1/p
2.3 Loz, )|, > <7) : B
(23) Il 2 (s v e
Here the constant ¢ > 0 depends only on d, p, p, and c,.

The proof of this theorem is given in §7.1.

The kernels L, (x,y) are in a sense Lipl functions in both variables with respect
to the distance d(-,-) from (1.9): Let &,y € B? and ¢* > 0, n > 1. Then for all
z,z € Be(e*n™!) and an arbitrary k, we have

nttd(z,€)
\/Wu(ni y)\/Wu(n; z)(1+ nd(y, Z))k’

where ¢, depends only on k, u, d, @, and ¢* (see [16, Proposition 4.7]).

(2.4) ‘Ln(x>y) - Ln(gvy)‘ < ¢k

We shall also need the following inequality from [16, Lemma 4.1]:
(2:5) VI=TeP = VI=[P| < V3d(a,y), aye B,

which yields
(2.6) W (ns ) < 2¢Wyu(nsy) (L +nd(w, )™,y € B~
2.2. Reproducing polynomial kernels and applications. To simplify our no-

tation we introduce the following “convolution”: For functions ® : B x B¢ — C
and f: B* — C, we write

(2.7 B (@)= [ D) @) du
We denote by E,(f), the best approximation of f € L,(w,,) from II,,, i.e.
(2. Ea(Py = inf If =gl

Lemma 2.3. Let L, be the kernel from (1.8), with a admissible of type (a). Then
(i) Lp,xg=g for g €I, i.e. L, is a reproducing kernel for I1,,, and
(43) for any f € Ly(wy), 1 < p < oo, we have Ly, * f € Iy,

(2.9) [Ln* fllp <cllfllpy and |[f = Ln* fllp < cEu(f)p-

This lemma follows readily by the definition of L,, (see also Definition 1.1) and
(2.1) (see [16, Proposition 4.8]).

Lemma 2.3 (i) and (2.1) are instrumental in relating weighted norms of polyno-
mials.

Proposition 2.4. For0<g¢<p<ooandgell,, n>1,

(2.10) lglly < en(@H2WA =D g,

and for any v € R

(2.11) IW,u(n5-) g ()l < e/ aHPW, (n; ) H1/P=ag (.

The proof of this proposition is quite similar to the proof of Proposition 2.6
from [11]; for completeness it is given in §7.1.
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2.3. Maximal operator. We denote by Bg(r) the ball centered at & € B of
radius 7 > 0 with respect to the distance d(-,-) on B9, i.e.

(2.12) Be(r) ={zx € B : d(x,£) < r}.

It is straightforward to show that (see [16, Lemma 5.3])

(2.13) |Be(r)] ~ ry/1 - [¢]?

and

(2.14) m(Bg(r)) := /B . wy(z) do ~ r(r + /1= [E2)% ~ r(r + d(§,0B%))*,
< (r

where B¢ is the boundary of B?, i.e. the unit sphere in R?.
The maximal operator M, (¢ > 0) is defined by

1/t
(2.15) Mtf<x>:=;gg(m(1m / f(y)ltwu(y)dy>  went,

where the sup is over all balls B C B¢ (with respect to d(-,-)) containing x.
It follows by (2.14) that the measure m(E) := [, w,(z) dz is a doubling measure
on B ie. foré € B*and0<r<m

(2.16) m(Be(2r)) < em(Be(r)).

Consequently, the general theory of maximal operators applies and the Fefferman-
Stein vector-valued maximal inequality is valid (see [18]): If 0 < p < 00,0 < ¢ < o0,
and 0 < t < min{p, ¢} then for any sequence of functions {f,}, on B¢

.17 [ meom) | < (S mom ™|

We need to estimate M, 1 for an arbitrary ball B ¢ B?.

Lemma 2.5. Let ¢ € BY and 0 < r < 7. Then for z € B¢

d(§, )\~ dig,x) 2
(2.18) (M1, m) () ~ (1 + T) (1 + W)
and hence
219) (1 ) < )0 < (14 L)

Here the constants depend only on d, u, and t.

Proof. Tt is easy to see that

m A
(M1, (r))(x) = sup ((an(gf(»> , xz€B?

where the sup is taken over all the balls B C B¢ (with respect to d(-, -)) containing .
This immediately leads to (M1 p,(,))(x) ~ 1if d(x,§) < 27 and hence (2.18) holds
in this case.

Suppose d(&,z) > 2r. Then evidently

. . 1/t
(MeLp ) (@) = <m(32(%((x,)2)))) '
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For the other direction, suppose B, (r*) C B? is the smallest ball such that x €
B.(r*) and B.(r*) N Be(r ) # (. A simple application of the triangle inequality
shows that Be(d(§,x)) C B.(5r*). Thus using (2.16)

m(Be(r) \"* __(_m(Be(r) '
s < () = (i)
Therefore, using (2.14)

o (mBer) ri(r + d(€, 0B8%)* v
s~ (Gitine) ~ (e auaes i omm)
which implies (2.18) since d(§, z) > 2r. Estimate (2.19) is immediate from (2.18).

U

2.4. Distributions on B?%. To define distributions on B? we shall use as test
functions the set D := C>°(B?) of all infinitely continuously differentiable complex
valued functions on B such that

(2.20) [@llwe = > 10%¢]loc <00 for k=0,1,....
la|<k

We assume that the topology in D is defined by these norms.

Evidently all polynomials belong to D. More importantly, the space D of test
functions ¢ can be completely characterized by their orthogonal polynomial expan-
sions. Denote

(2.21) Ni(9) := sup (n +1)*|| Proj, 2.

Lemma 2.6. (a) ¢ € D if and only if || Proj, ¢||2 = O(n=*) for all k.

(b) For each ¢ € D, ¢ = >, Proj, ¢, where the convergence is in the topology
of D.

(¢) The topology in D can be equivalently defined by the norms Ni(-), k =
0,1,....

Proof. Let ¢ € D. Assume that @Q,—1 € I,,—1 (n > 1) is the polynomial of

best La(w,,)-approximation to ¢, i.e. ||¢ — Qn_1ll2 = En—1(¢)2. Since Py(z,-) is
orthogonal to II,,_,

| Proj, é(2)| = (¢, Pu(@, ) = [{¢ = Qu-1,Pu(@,))| < En-1(9)2Pu(w,2)">.
By the Jackson type estimate from [23], for any k > 1,
En(9)2 < ckn” [ Dyglla < en™ | Dfiglloc < en™ D 1 1107¢llo0 = en” |0 ]wzs-
o] <2k
Here D, is the differential operator from (1.1). It is easy to see that
d—1
IPatoa) 21 = ("0 ) ot

n
All of the above leads to

IProj, ¢lla < cxn 26| ypar, n> 1, for any k> 1.
Therefore, for any m > 0

Nm(9) < cll@llwae if k>m/24 (d—1)/4.
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In the other direction, by Markov’s inequality (see [10]) and (2.10), it follows
that
10% Proj, ¢lloc < n?*!]| Proj,, ¢l < en®®+/2H4|| Proj, ¢|.
Consequently, if || Proj, @[l = O(n=*) for all k, then 8%¢ = Y -, 8 Proj,, ¢ for
all multi-indices o with the series converging uniformly and

I¢llws < e Y > n2lelH 20 Proj, ¢lly < cNm(@), m > 2k+d/2+ p+2.

|a| <k n=0

This completes the proof of the lemma. (I

The space D’ := D'(B?) of distributions on B? is defined as the set of all con-
tinuous linear functionals on D. The pairing of f € D’ and ¢ € D will be denoted

by (f,¢) := f(¢), which will be shown to be consistent with the inner product

(f,9) = Jpa f(@)g(x)wy(2)dz in Lo(w,).
We now extend the definition of the nonstandard “convolution” from (2.7) to
distributions.

Definition 2.7. Let f € D' and assume that ® : B* x B* — C is such that
®(x,-) € D for all z € BY. We define

(@ f)(z) := (f, @(x,)),
where on the right [ acts on ®(x,y) as a function of y.

For later use we next record some simple properties of this “convolution”.

Lemma 2.8. (i) If f € D' and ®(-,-) € C®°(B? x B?), then ® x f € D, and in
particular P, x f € V,,. We define Proj,, f := P, = f.
(ii) If f € D' and ®(-,-) € C°°(B% x BY), then
(@ f,0)=(f,2x¢), ¢€D.
(4ii) Let ®(-,-),¥(-,-) € C(B? x BY), and ®(z,y) = ®(y,v) and ¥(z,y) =
U(y,x) for x,y € B, Then for any f € D' and x € B?

U ®x f(x) = (U(z, ), () * f.

The proof of this lemma is standard and will be omitted.
We next give the representation of distributions from D’ in terms of orthogonal
polynomials on B?.

Lemma 2.9. (a) A linear functional f € D' if and only if there exists k > 0 such
that

(2.22) [{f, &) < ckNg(p) for all ¢ € D,
Hence, for f € D' there exits k > 0 such that
(2.23) | Proj, flla = [Pn* flla < ck(n+1)*, n=0,1,....

(b) Every [ € D' has the representation f = > >~ Proj, f in distributional
sense, i.e.

(2.24) (f,¢) = _(Proj, f,¢) = > _(Proj, f,Proj,¢) forall ¢€D,
n=0 n=0

where the series converges absolutely.
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Proof. (a) Part (a) follows immediately by the fact that the topology in D can be
defined by the norms N (+) defined in (2.21).
(b) Using Lemma 2.6 (b) we get for ¢ € D,

N N oo
(f;6) = lim (£, 3" Proj,¢) = lm 3" (f,Proj,é) = Y (Proj, f.Proj, 4).
n=0 n=0

n=0

where the last equality is justified by using (2.23) and the rapid decay of || Proj,, ¢||2-
O

2.5. Cubature formula and subdivision of B®. For the construction of our
building blocks (needlets) we shall utilize the positive cubature formula given in
[16]. This formula is based on almost equally distributed knots on B? with respect
to the distance d(-,-).

Definition 2.10. We say that a set X. C B¢, along with an associated partition
R. of B consisting of measurable subsets of B?, is a set of almost uniformly e-
distributed points on B¢ if

(i) B =Upger. R and the sets in R do not overlap (R;NRS = 0 if Ry # Ry).
(ii) For each R € R, there is a unique § € X; such that Be(c*e) C R C Be(e).

Hence #X. = #R. < ¢**e¢~<. Here the constant c¢* > 0, depending only on d,
is fized but sufficiently small, so that the existence of sets of almost uniformly e-
distributed points on B? is guaranteed (see the next lemma).

Lemma 2.11. [16] For a sufficiently small constant ¢* > 0, depending only on
d, and an arbitrary 0 < ¢ < 7 there exists a set X. C B? of almost uniformly
e-distributed points on B¢, where the associated partition R. of B¢ consists of
projections of spherical simplices.

An important element in the construction of needlets will be the cubature for-
mula given in [16, Corollary 5.10]:

Proposition 2.12. There exists a constant ¢ > 0 (depending only on d) and a
sequence {X; }‘;’;0 of almost uniformly €;-distributed points on B® with gj:=c%277,
and there exist positive coefficients {\¢}eex, such that the cubature formula

(2.25) [ f@ua)de~ 3 xer(©
B §EX;

is exact for all polynomials of degree < 2912, In addition,
(2.26) Ne ~ 279W, (295€) ~ m(Be(277))
with constants of equivalence depending only on p and d.

It follows from above that
(2.27) m(Re) ~ 279W,(27;€) ~ e, €€ Aj,
while

(2.28) |Re| ~ 2774 (/T—EP +277), €€ A,
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3. LOCALIZED BUILDING BLOCKS (NEEDLETS) ON B¢

We utilize the ideas from [14, 11] in constructing a pair of sequences of “analysis”
and “synthesis” needlets on B%. Let @, b satisfy the conditions

(3.1) @,b e C™[0,00), suppa,bC [1/2,2],

(3.2) [a(t)], [b(t)] > ¢ >0, ifte[3/5,5/3],

(3.3) at)b(t) + a2t b(2t) =1, ifte[1/2,1].

Hence,

(3.4) ia(rﬁ)ﬁ(z—%) =1, tell,o0).
v=0

It is easy to see that if @ satisfies (3.1)-(3.2), then there exists b satisfying (3.1)-(3.2)
such that (3.3) is valid (see e.g. [7]).

Let @, b satisfy (3.1)-(3.3). We define ®o(z,y) = Uo(z,y) =1,

(3.5) @5(,y) = Y a5 JPulay) =1,
v=0

(3.6) U,(z,y) = Zg<2j—:)Py(m‘,y), j>1.
v=0

Assume that &} is the set of knots and A¢’s are the coefficients of the cubature
formula (2.25). We define the jth level needlets by

(3.7) pe(x) = )\2/2<I)j(x,§) and  e(x) = )\é/Q\I/j(ZE,f), £e A

Notice that for £ € X1, we have p¢(z) = a(1)P1(z,§) and ve(x) :3(1)P1(x,§), but
Pi(-,¢) = 0 if and only if £ = 0. So, to prevent ¢)¢ = 0 and ¢ = 0 for £ € X, we
(may) assume that 0 ¢ Xj.

We set X' := U2, X}, where equal points from different levels X; are considered
as distinct elements of X', so that X can be used as an index set. We define the
analysis and synthesis needlet systems ® and ¥ by

(3.8) P = {peleex, V= {Peleex.
Estimate (1.11) yields the rapid decay of needlets, namely, for z € B,
Ck2jd
(3.9 [®;(& )] |¥;(&2)| < : _ _ vk,
’ ’ VWL VW27 2) (1 +27d(E, )*
and hence
2jd/2
(3.10) Ch

z)|, [e(x)| < . :
o) ) < e
Note that on account of (2.6) = in the term /W, (2/;z) in (3.10) can be replaced

by €.
The needlets are Lip 1 functions in the following sense: Let £ € X}, j > 0, ¢* > 0,
and w € B¢, Then for each z € B, (c*277)

274240 d(w, x)
Wi (27:6) (1 + 274d(8, w))*

B.11)  fpe(x) = (W], v (z) — ve(w)| <
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This estimate follows readily from (2.4).
We shall need estimates of the norms of the needlets. By (2.1), (2.3), and since
0 ¢ X, we have for 0 < p < oo,

- 27d 1/2-1/p
612 el ~ el ~ Mndo ~ (rgg) 0 €€ %
Furthermore, there exist constants ¢*, ¢ > 0 such that
9Jd 1/2
(313) ez Weliaiiezn 2 (grg) > €€ %

The proof of (3.13) is given in §7.1. Notice that if @, b are real valued, then
Lemma 7.1 bellow yields

9Jjd 1/2 ¥
P (— N
Pe@b @] 2 (- grg) + €€
Our first step in implementing needlets is to establish needlet decompositions of
D’ and Ly(wy,).

Proposition 3.1. (a) For any f € D/,

(3.14) F=Y U« f inD
j=0

and

(3.15) F=> {free)e inD.
fex

(b) For f € Ly(w,), 1 < p < oo, (3.14) — (3.15) hold in Ly(w,). Moreover, if
1 < p < oo, then the convergence in (3.14) — (3.15) is unconditional.

Proof. By Definition 2.7 and (3.5) we have, for f € D/,

(3.16) [ Z (2] L)y

and using Lemma 2.8 and that P, % P ( y) =P,(-,v)

(3.17) Ui f = Z <2j L) (QJ )Pyt

Then (3.14) follows from the above, (3.4), and Lemma 2.9.
Note that ¥;(z,y)®(y, z) belongs to IIyj+1_; as a function of y and, therefore,
employing the cubature formula from Proposition 2.12 we get

V000 = [ W) )y

= D AT(2,)P(6,2) = Y ()¢ (2)

£EX; £eX;

which leads to -
Uy By f =Y (f,0e)te
EEX;
Combining this with (3.14) yields (3.15).
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The convergence of (3.14) and (3.15) in Ly(w,) for f € Ly(w,) follows in a
similar fashion (see also [11, Proposion 3.1]). The unconditional convergence in
Ly(w,), 1 < p < oo, follows by Theorem 4.4 and Proposition 4.11 below. O

4. WEIGHTED TRIEBEL-LIZORKIN SPACES ON B¢

Following the general idea of using spectral decompositions (see e.g. [17, 20]), we
next employ orthogonal polynomials to introduce weighted Triebel-Lizorkin spaces
on B? To this end we define a sequence of kernels {®;} by

(A1) @o(ey)i=1 and i(ay) =Y a(57 )Pul@y): 5= 1,

where {P,(z,y)} are from (1.4)-(1.5) and @ obeys the conditions
(4.2) a € (C™[0,00), suppaC[1/2,2],
(4.3) la(t)| >c>0, ifte[3/5,5/3].

Definition 4.1. Let s,p € R, 0 < p < 00, and 0 < q < oo. Then the weighted
Triebel-Lizorkin space Fyf := F;P(w,) is defined as the set of all f € D' such that

(4.4) 1]

< o0

Fpg = H( [QSJW )P, *f(')qu)l/q p

with the usual modiﬁcatzon when ¢ = 0o

Observe that the above definition is independent of the choice of @ as long as it
satisfies (4.2)-(4.3) (see Theorem 4.4 below).

Proposition 4.2. For all s,p € R, 0 < p < 00, and 0 < q < oo, F,! is a
quasi-Banach space which is continuously embedded in D’.

Proof. The completeness of the space Ff follows easily (see e.g. [20], p. 49) by
the continuous embedding of F;# in D', which we establish next.
Let {®;} be the kernels from the definition of Fj¥ with @ obeying (4.2)-(4.3)

that are the same as (3.1)-(3.2). As already indicated there exists a function b
satisfying (3.1)-(3.3). We use this function to define {¥;} as in (3.6). Then by
Proposition 3.1 f = Z;io U, % ®; % f in D" and hence
(f,6) =D (U;x®;xf,¢), ¢€D.
j=0
We now employ (3.16)-(3.17) and the Cauchy-Schwarz inequality to obtain, for
Jj=2,

|<\I/j*<1)j*f7¢>‘2:‘ 3 A(zj 1)1;(2] 1)<Projyf,Pr0ju¢>’
v=27-2+41
29 27 R
< > (A(ZJ 1)] IProj, flI5 > \b(m 1)‘ || Proj, ¢|12
y=2i—241 —2i—-241

<20, + I max | Proj, 612
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Using inequality (2.10) we get
1 % Flla < 22007 5 |, < (2w 201/ =) 95317, (295.) =020, ¢ £()
From the above estimates we infer

(0% @ % f, )] < 27| fl gy 27 FeeNe(9)

for k > (d+2u)/p+2u|p|/d+3/2—s. A similar estimate trivially holds for j = 0, 1.
Summing up we get

~max_|[Proj, fll2 < 27| f]
27 —2<p<2J

[(f. o) < cll fllmzeNe(9),
which completes the proof. (Il
As a companion to F,? we now introduce the sequence spaces f,/. Here we
assume that {X;}22 is a sequence of almost uniformly ¢;-distributed points on B4
(gj := ¢°277) with associated neighborhoods {Re¢}ecx,, given by Proposition 2.12.
Just as in the definition of needlets in §3, we set X' := U;j>o4}.

Definition 4.3. Suppose s,p € R, 0 < p < 00, and 0 < g < oco. Then [y is
defined as the space of all complex-valued sequences h := {he}ecx such that

00 1/q
= (2 3 helw @)/, 1)

Jj=0 §EX;

(4.5) 1h]

< 0
p

with the usual modification for ¢ = co. Recall that ﬂRE = m(RE)_l/Q]le.

In analogy to the classical case on R? we introduce “analysis” and “synthesis”
operators by

(4.6) Se: f = {(frpe)leexr and Ty : {heleexr — »_ hetle.
fex
We now give our main result on weighted Triebel-Lizorkin spaces.
Theorem 4.4. Let s,p € R, 0 < p < o0 and 0 < q < o0o. Then the operators
Syt Fpb — fof and Ty« fof — FJF are bounded and Ty o S, = Id on F,f.
Consequently, f € Fyf if and only if {(f, v¢)}eex € fpf. Furthermore,

(4.7)

1l Egg ~ {5 pe) 3

) 1/q
s~ | (20 3 el el

Jj=0 §EX;

p

In addition, the definition of Fjf is independent of the particular selection of @
satisfying (4.2)—(4.3).

The proof of this theorem relies on several lemmas whose proofs are given in
Section 7.2. In the following we assume that {®;} are from the definition of weighted
Triebel-Lizorkin spaces, while {¢¢}ecx and {9¢}ecx are needlet systems defined
as in (3.7) with no connection between the functions a’s from (4.1) and (3.5).
Lemma 4.5. For any k > 0 there exists a constant ¢ > 0 such that

2jd/2
W, (27:2)(1 + 2d(z, €)%
and ®; xpe =0 for{ € X, ifv>j+2orv<j—2. Here X, :=0 if v <O0.

(4.8) |@; * e (x)] < cp

£€XD) ]71§V§]+13
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Lemma 4.6. For anyt >0 and § € &}, j >0,

(4.9) e ()], [e(@)] < e(Melg,)(z), = €B? and

(4.10) ]~1R5 (z) < c(Mype)(z), c(Mythe)(x), =€ B

Definition 4.7. For any set of complex numbers {h¢}eex, (j > 0) we define
* |h77|

4.11 he = —_ X;

R = 2 Trwdngr €Y

where o > 1 is a sufficiently large constant that will be selected later on.

Lemma 4.8. Let P € lly;, j > 0, and denote a¢ := maxep, |P(x)| for £ € Xj.
There exists r > 1, depending only on o, p, and d such that if

be i= mac{ min |P(z)] 1 € Xy, Re 1 Ry £ 0}, €€,

then
(4.12) ag ~ bg
with constants of equivalence independent of P, j, and &.

Lemma 4.9. Assume t >0, v € R, and let {b¢}ecx; (j > 0) be a set of complex
numbers. Also, let o in the definition (4.11) of by obey o > d + (d +2u)/t + 2ply].
Then for any § € X;

(413) W56 Ir (2) < eMi( 3 by Wo(25m) 715, () (), @ € Re.
neX;

Proof of Theorem 4.4. Choose 0 < t < min{p, ¢} and let o in Definition 4.7 obey

o >d+ (d+2u)/t + 2u|p|/d. Now, choose k > o + 2u|p|/d. Observe first that the

right-hand side equivalence in (4.7) follows immediately from Lemma 4.6 and the

maximal inequality (2.17).

Let {®;} be a sequences of kernels as in the definition of weighted Triebel-
Lizorkin spaces, i.e. ®; is defined by (4.1) with @ satisfying (4.2)-(4.3), the same
as (3.1)-(3.2). As already mentioned, there exists a function b satisfying (3.1)-(3.2)
such that (3.3) holds. Let ¥, be defined by (3.6) with this b. In addition, let
{peteex and {t¢}ecx be the associated needlet systems defined as in (3.7) using
these @ and b.

Exactly in the same way, let {®;} and {¥,} be two sequences of kernels defined
as above using completely different functions @ and b. Also, assume that {@e}, {¢§}
are the associated needlet systems, defined as in (3.5)-(3. 7) As a result, we have
two completely different systems of kernels and associated needlet systems.

Let us first prove the boundedness of the operator T@ Ipf — Iyl defined

similarly as in (4.6) with {t¢} replaced by {{/;E} Here we assume that space F},/
is defined by {®;}. Let h := {h¢}ecx be an arbitrary finitely supported sequence

and f := Zg hg{/?g. Using Lemma 4.5 we have, for € B¢,
@4 f@) = | S he®jsde@)| < D0 D |hel|®;  vea)

fex J—1Sv<j+1Lex,

. h|
< Id/2 |he
I S e e

J—1<v<j+1€€ex,
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For n € X}, denote 'y, := {w € X;_1 UX; UXjq1: Ry N R, # 0}. Here X4 := 0.
Note first that #I',, < ¢. Secondly, for z € R, and w € I,;, we have d(z,w) < ¢277
and using inequality (2.6)

W, (2752) P14 < cW, (27 w) P4 < W, (27;€) 7P/ 41 + 27d (€, w)) 21/,
We use the above estimates to obtain, for x € R,,
W, (27;2) 74|, « f(x)]

/ he|W,.(27;€) P/ g, (2)
< 4/2 Z Z Z |he
J=1<v<j+1 wermx cEX, \/T 14 2vd(&,w))k—2ulel/d

<22y HRp,(2) <c Y Hilg,(

/W, (29-
wel'y, /L 2 w wely,

where H, = h,W,(27;w)?/4. Here we used that k — 2u|p|/d > o and (2.27).
We insert the above in (4.4) and use Lemma 4.9 (with v = 0) and the maximal
inequality (2.17) to obtain

e << (27 5 5 main 0]) ,,
j=0 nEX; wely,
<c (i (957 3 HngRE(.)}qy/q
j=0  gex; P
(4.14) o »
<c (Z _Mt( 3 2sj|H§\ﬂR£)(.)} ) )
Jj=0 £EX;
<o ([ X 2lin )|, < lineb e

where in the second inequality above we used that #I', < c. This establishes the
desired result for finitely supported sequences. Using the continuous embedding of

Fof in D’ (Proposition 4.2) and the density of finitely supported sequences in oy

it follows from (4.14) that for every h € ff, Tgh := 3 ¢cy hg{/;g is a well defined
distribution in D’. Then a standard density argument shows that Tg - Toh — 58
is bounded.

Assume now that the space F5¢ is defined in terms of {®;} in place of {®;}.
Using this definition we shall prove the boundedness of the operator S, : FJf — f5F

5 Pq-
Let f € F,f. Then ®; x f € Ily;. For £ € X}, we define

ag = max |®; * f(x)|, be:= max{;relgl |« f(z)| : n € Xjir, Re N Ry # 0},
n

TER;

where r > 1 is from Lemma 4.8. Then by the same lemma ag ~ bg. Hence, using
(2.27),

(Fope)l = A2[@; % F(€)] < em(Re)Y2ae < em(Re)"?ai < em(Re)'/?bt.
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From this, recalling that ]Nle = m(Rg)*l/Q]lRE, we get

145 etz = (3020 48 w0 Wit im 1) |
J=0 £eX;
gc(fiWWEZwﬁn@%aﬂﬁﬁdﬂﬂUWL
(4.15) . < a\1/q
g(zwﬂM4zq 9~""1r.0)0]") ||
EeX;
<ec (Zgjsq{ Z be W, ( 2] p/dﬂRi(.)}q)l/q .
£EX;

Here for the second inequality above we used Lemma 4.9 and for the third one the
maximal inequality (2.17).
Denote m,, := mingeg, |®; * f(x)| for n € &}, and

Xjir(§) ={w € Xjy, : Ry N Re # 0} for £ € A

Evidently #X;4,(£) < c(r,d). Further, for w,n € X;4,(§) we have d(w,n) < 277

and hence
My

e S ey = 70D
Therefore, for any 1 € Xj1-(§), be = max,cx,,, (¢) Mw < cm,. and hence
(4.16) belp, < > milg,.
77er+7‘(€)
Clearly, W, (27; &) ~ W, (2777;n) for n € X;4,(£). This along with (4.16) leads to
(4.17) bgWu(Qj;g)fp/d]le <c Z m;WM(Qj”;n)*p/d]an.
nE€EXjtr(§)

Using this estimate in (4.15) we get

10 oMz < o (20 (32 mpwa@ /g, )")

p

(

(

= (i?‘”q[Mt( > W@, )0])
S 5 meano))

< | (w4, « o)) | = el

<.
I
=)
3
m
Rt
I
1

p

sp,
FPq

<.
I
o

Here for first inequality we used that #X;1,(€) < ¢, for the second inequality we
used Lemma 4.9, and for third one the maximal inequality (2.17). We also use
that W, (297" n) ~ W,(27;2) if z € R,, n € Xj4,. Thus the boundedness of
Syt Fpl — [ph s estabhshed

The identlty Ty o S, = Id follows by Proposition 3.1.
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It remains to show that F57 is independent of the particular selection of a in the
definition of {®;}. Denote by | - || ps¢(s) the F-norm defined by {®;}. Then by the
above proof it follows that

[l mze @) < cllH{fs @edHlgze  and  ({(fs 0e) gz < cllfll o)
and hence

I1£1

riz@ < (B sz < el fll ey -

Now the desired independence follows by interchanging the roles of {‘I)j},{@j}, and
their complex conjugates. [

In a sense the spaces Fj;] are more natural than the spaces F¥ with p # s since
they scale (are embedded) “correctly” with respect to the smoothness index s.

Proposition 4.10. Let 0 <p <p; <00, 0< q,q1 <00, and —00 < 51 < 5 < 00.
Then we have the continuous embedding

(4.18) Fyi C Flt if s/d—1/p=s1/d—1/p:.

p1g1

The proof of this embedding result can be carried out similarly as in the classical
case on R™ using inequality (2.11) and Theorem 4.4 (see e.g. [20], page 129). It will
be omitted.

Finally, we would like to link the weighted Triebel-Lizorkin spaces FJ¥ to L, (wy)
and weighted potential space (generalized weighted Sobolev space) on B<.

We define the weighted potential space Hy := H;(wu), §s>0,1<p< o0, on
B¢ as the set of all f € D’ such that

(4.19) 10y o= | S+ 1) Proj, f|| <o,

n=0

where Proj,, f := P, * f.
We have the following identification of certain weighted Triebel-Lizorkin spaces.

Proposition 4.11. We have
FR~H) s>0,1<p< oo,
and
FY ~ Ly(w,), 1<p< oo,

with equivalent norms. Consequently, for any f € Ly(w,), 1 <p < oo,

o] 1/2

11l ~ H(Z >, s05>|¢5(-)|)2) |-
i=0¢€X, ?

The proof of this proposition uses the multipliers from [3, Theorem 5.2] and
can be carried out exactly as in the case of spherical harmonic expansions in [14,
Proposition 4.3]. We omit it.
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5. WEIGHTED BESOV SPACES ON B¢

For the definition of weighted Besov spaces on B? we use the sequence of kernels
{®,} defined in (4.1) with @ obeying (4.2)-(4.3) (see [17, 20] for the general idea of
using spectral decompositions).

Definition 5.1. Let s,p € R and 0 < p,q < co. The weighted Besov space By :=
By(w,,) is defined as the set of all f € D' such that

o

i = (3 (21w, 27548, = £01,)) 7 < o

=0

(5.1) /1

where the £,-norm is replaced by the sup-norm if ¢ = co.

Observe that as in the case of weighted Triebel-Lizorkin spaces the above def-
inition is independent of the particular choice of @ obeying (4.2)-(4.3) (see Theo-
rem 5.3). Also, as for F, the Besov space Byl is a quasi-Banach space which is
continuously embedded in D’. We skip the details.

We next introduce the sequence spaces byl associated to the weighted Besov
spaces Byf. To this end, we assume that {&; }f’;o is a sequence of almost uniformly
g;j-distributed points on B (¢; := ¢°277) with associated neighborhoods {R¢}ecnx;
given by Proposition 2.12. As before we set X := U;>04}.

Definition 5.2. Let s,p € R and 0 < p,q < oo. Then by is defined to be the space
of all complez-valued sequences h := {h¢}ecx such that

by = (i Zj(s—d/P+d/2)q[Z (Wu(zj;g)—p/d+1/p—1/2|hg|)p} Q/p)l/q

7=0 fEXj

(5.2) ||h

is finite, with the usual modification for p = 0o or ¢ = co.

Our main result in this section is the following characterization of weighted Besov
spaces, which employs the operators S, and Ty, defined in (4.6).

Theorem 5.3. Let s,p € R and 0 < p,q < oco. The operators Sy, : B, — byt and
Ty : by — Byl are bounded and Ty o S, = Id on Bpl. Consequently, for f € D’
we have that f € By if and only if {(f, ¢¢)}eex € byfy. Moreover,

(5.3)

135z ~ e g ~ (2297 32 (Wi /4 F, el

7=0 EGX]‘

q/p) 1/q'

In addition, the definition of B, is independent of the particular selection of @
satisfying (4.2)—(4.3).

For the proof of this theorem we shall utilize some of the lemmas from §4 as well
as the following additional lemma whose proof is given in Section 7.2.

Lemma 5.4. Let 0 < p < oo and v € R. Then for any P € Ily;,5 > 0,

64) (X W@ max [P@Pm(RY) " < W, 25 PO,
£eX; ¢
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Proof of Theorem 5.3. We first note that the right-hand side of (5.3) follows imme-
diately from (3.12).

Just as in the proof of Theorem 4.4, we assume that {®;} are kernels defined by
(4.1), with @ satisfying (4.2)-(4.3). Next, suppose {¥;} are defined by (3.6) with
b obeying (3.1)-(3.3). Also, let {¢e}eex and {t¢}ecx be the associated needlet
systems defined as in (3.7). Further, assume that {®,}, {U;}, {$¢}, {¢¢} is a
second (completely different) set of kernels and needlets.

Our first step is to prove the boundedness of the operator Tg : by — Byf defined
as in (4.6) with {¢¢} replaced by {wg}, we assume that B,/ is defined by {®;}.

Pick 0 < t < min{p,1} and k > 2pu|p|/d + p + (2 + d)/t. Let h = {h¢}eex,
be a finitely supported sequence and f := de ¥ hg{/}}. Similarly as in the proof of
Theorem 4.4, we use Lemmas 2.5 and 4.5, and (2.6) to obtain

Wa(22) P« fw) < Y Y e Wu(2752) D x e ()]
J-1<v<j+1€EX,
z)” p/d

214/2yy7, (29
<c Y X éwa)( 1+ 27d(€, 7))

J—1<v<j+1&€ex,

_ 2 6 p/d—1/2
d/2
<2 Z Z | £| 1+23d5 x))k—2nlpl/d—p

J—1<v<j+1EeX,

<P NN R W29 T P M (LR, ) (2),

J-1<v<j+1EEX,

where X_; := () and in the fourth inequality we used that k > 2u|p|/d+p+(2u+d)/t.
Now employing the maximal inequality (2.17) we get

||W[L(2j; ')_p/dq)j * f()HP
<@ S ST heWa(2356) M (1R ) ()

J—1Sv<j+1€eX,

<@ NS he W (276 P ()
J—1<v<j+1€ex,

p

p

< eyt (3 Z|h€|PWM(2j;g)—@/d—l/PH/?)P)l/p.

J—1<v<j+1EeX,

Using this in Definition 5.1 we obtain || f|gsz < cl[{he}lpsz-

Further, we extend this result to an arbitrary sequence h = {h¢} € byl similarly
as in the Triebel-Lizorkin case by using the embedding of B, in D’ and the density
of finitely supported sequences in b,/

We next prove the boundedness of the operator S, : B — byf, assuming that

the space B3f is defined in terms of {®;} in place of {®, } Obberve first that

[(f, 06| ~ m(Re) 2| f(E)] ~ 2792 W,(27;)V2(®; % f(€)], €€ A
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Since ®; * f € Il;, Lemma 5.4 yields
, P
> (W@ )72 o))

EEX;

< @2 N (2756) 7P/ B x f()[Pm(Ry)
=

< CQ—jd(p/Zfl)”WM(QJ';S)*P/CZ@J, % f||§~

This at once yields |[{(f, ) }Hsz < cllfllzse-

The identity Ty, o S, = Id follows by Proposition 3.1.

The independence of B,f of the particular selection of a in the definition of
{®,} follows from above exactly as in the Triebel-Lizorkin case (see the proof of
Theorem 4.4). O

The parameter p in the definition of the Besov spaces B/ allow to consider
different scales of spaces. A “classical” choice of p would be p = 0. However, we
maintain that most natural are the spaces B,7 (p = s). The main advantages of the
spaces Bpg over Bpf with p # s are that, first, they scale (are embedded) “correctly”
with respect to the smoothness index s, and secondly, the right smoothness spaces
in nonlinear n-term weighted approximation from needles are defined in terms of
spaces B. (see §6 below).

Proposition 5.5. Let 0 < p<p; <00, 0<q¢<q <00, and —o0 < 51 < s < 00.
Then we have the continuous embedding

(5.5) B CBRS if s/d—1/p=s1/d—1/p:.

p1q1

This embedding result follows immediately by applying inequality (2.11).

We finally want to link the weighted Besov spaces to best polynomial approxima-
tionin Ly(w,). Asin (2.8), let E,(f), denote the best approximation of f € L,(w,,)
from IL,,.

Proposition 5.6. Let s > 0,1 <p < oo, and 0 < g < oo. Then f € B;g if and
only if

> 1/q

(5.6) 11 = 17l + (D@9 Ess (7)< .
7=0

Moreover,

(5.7) £ 11550 ~ 1F1l5s0-

ra

The proof of this proposition is similar to the proof of Proposition 5.3 in [14]
and Proposition 6.2 in [11]. We omit it.

6. APPLICATION OF WEIGHTED BESOV SPACES TO NONLINEAR APPROXIMATION

Let us consider nonlinear n-term approximation for a needlet system {,},cx
defined as in (3.5)-(3.8) with b =@, @ > 0. Thus ¢, = 1, are real-valued. Then by
Proposition 3.1, for any f € L,(w,), 1 <p < oo,

F=> (fibe)pe in Ly(w,).

Eex
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Suppose X, is the nonlinear set of all functions g of the form
9= ace,
EeA
where A C X, #A < n, and A may vary with ¢g. Let 0,(f), denote the error of
best L,(w,)-approximation to f € L,(w,) from X,, i.e.

ou(f)p = inf If =gl

We consider approximation in L,(w,), 0 < p < co. Suppose s > 0 and let 1/7 :=
s/d + 1/p. Denote briefly

B?:=B}.
From Theorem 5.3 and (3.12) one derives the following representation of the norm
in B:
1/7
(6.1) 1l ~ (30 Ik vevely)

fex

The following embedding result shows the importance of the spaces B fot non-
linear approximation from needlets.

Proposition 6.1. If f € B, then f can be identified as a function f € L,(w,)
and

(6.2 171l < || 3210 w0l <ell 7l

fex

For the proof one proceeds exactly as in the proof of the embedding result from
[9, Theorem 3.3] (see also [11, Proposition 8.1]). The proof will be omitted.
We now give the main result of this section.

Theorem 6.2. [Jackson estimate] If f € BE, then
(6.3) on(fp < Cn_sllfHBi'

The proofs of this theorem can be carried out exactly as the proof of Theorem 3.4
in [9] or [11, Theorem 8.2] and will be omitted.

Here the main open problem is to prove the companion to (6.3) Bernstein esti-
mate:

(6.4) lgllss < cen®llgll, for geX,, 1<p<oo.

This estimate would allow to characterize the rates of nonlinear n-term approxima-
tion in Ly(w,) (1 < p < o0) from needlet systems.

7. PROOFS

7.1. Proofs for Sections 2-3.

Proof of Theorem 2.2. We shall first establish (2.3) for p = 2. From the definition
of the kernels P, (z,y) (see (1.4)-(1.5)) it follows that

/B P )P, )0 (1) dy = G uP(a, )

and hence

(71) [ e Py = 5o [a(5)pete.a)
k=0
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Therefore, for p = 2 estimate (2.3) will follow by the following lemma.

Lemma 7.1. For anye >0

n-+[edn]

cnd
(7.2) ; P,(z,z) > TACT)

re€BY n>1e,

where ¢ > 0 depends only on e, u, and d.

Proof. Assume p > 0. We shall utilize representation (1.5) of P, (x,y). The case
i = 0 is easier and will be omitted (in this case one uses representation (4.2) of
P.(z,y) from [16]).

From (1.5) it is obvious that P, (z,z) depends only on |z|. For the rest of the
proof, we denote P, 4(r) := Py (z,z), where r := |z|, and A,, 4(r) := Z;L+7[L€dn] Pj.a(r).
Summing up the well known recurrence relation [19, (4.7.29)]

-1
ntA CrY(x), where C?(x) =C?,(x):=0,

A el —
Cn(x) Cn—2(x) -1 n

we get

CMNz) = Z L‘H‘_lcf\%j(m).

A—1 n—2
0<25<n

Combining this with (1.5) we arrive at

n+)\
Pn,d( )_ d Z Pn— 24,d—2 )

3
ba_s 0<2j<n
Hence
n—+[edn] n+[edn]
b k+ /\
- Y P - 3 A S
d=2  p=n 0<2j<k
n+[€(d—2)n]
> cn? Z Pr.a—2(r) = CTL2An7d_2(T‘).
k=n

Here ¢ > 0 depends only on €, p, and d; we used that n > 1/e.

Evidently, the above estimate leads to (7.2) using induction on d, provided we
prove (7.2) for d = 1 and d = 2. However, the case d = 1 is already established in
[11, Proposition 2.4], namely,
cn

(7.3) Ana(r) 2 W

It remains to prove (7.2) in the case d = 2. The proof relies on the well known
identity [1, p. 59]

Z F(pw)(n—2k+p)T(k+A—p)l(n—k+A)

(74 Caw) = TV — kI (n — ki + £ 1) n—2t (@)

0<2k<n

and the product formula of Gegenbauer polynomials [5, Vol I, Sec. 3.15.1, (20)]:

(75  CalICR(M) bf‘l/QK on (st+ux/1 —s2y/1- t2) )L,

Ch(1)
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Using (7.4) (with A = p+ 1/2) along with (1.5) and then (7.5), we obtain

At 1)2 n— 2k + p [Ch_op.(r)]?
Poo(r) = LTI Chom
TR 2 Ca
_byn4p+1/2
(7.6) = Z CknPn—2k1(r),
b K + 1/ 0<2k<n

Dp+1I'(k+1/2)T(n—k+p+1/2)
T(p+1/2)T(1/2)T(n—k+ p+ 1)k
Here we used that the Ly(w),)-normalized Gegenbauer polynomial C! can be writ-

ten in the form C¥(z) = h;l/QCﬁ(x) with h, = (b)71-£-CH(1), which is a

n+p N

Ckn =

matter of simple verification, and hence
[cam)?
CR(1)

It is straightforward to verify that if 0 < k < n/2, then ¢y, ,, ~ (kn)~*/2? and hence
¢kn > cn~t. Therefore, from (7.6)

Paa(r) = (G = bt

n+[2en] n+[2en]
b“ Ykt ut1/2
= X Pl =g 3 T X ePean)
= M 0<25<k
n+[2en]

>c Z Z Pr_2j,1(r) > cnhy 1(r).

k=n 0<2j<k

This combined with (7.3) yields (7.2) for d = 2. O

We now continue with the proof of Theorem 2.2. Applying (7.2) with ¢ = 2/3d
yields || Ly (z,-)||2 > en@W,(n;2)~! for n > 2d. If 2 < n < 2d, then as in the proof
of Lemma 7.1 it follows that

1L (@, Y5> > e(Pu(a, @) + Py (a,2)) >

(Cr(lz]) + Cpa (|2])) > ¢ >0

for all € B?, where we used the fact that the polynomials C* and C* 41 have no
common zeros. Taking into account that W, (n;x) ~ 1 when n < 2d, the above
leads again to || Ly (z,-)|l2 > en®W,(n;z)~1. This completes the proof of estimate
(2.3) for p = 2.

Now one easily derives (2.3) for p # 2 from the same estimate for p = 2 and the
upper bound estimate (2.1). Indeed, for 2 < p < co applying Hélder’s inequality
we get

d

cn
7§ Ln X,y 2’LU ydyg Ln xz,- Ln x,- ,
W, (n,z) /Bd| (@, y)[Fw(y) [ Ln (@, ) [l L (2, )]

nd

< alllal, ')”P(W )l_l/p (I/p+1/p" =1),

u(n, )

which implies (2.3). One proceeds similarly whenever p = oco.
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If 0 < p <2, using (2.3) for p =2 and (2.1) for p = oo, we get

C’I’Ld
< L, 2 4 < L, P L, N2oP
7oy < Py < [ L )P0yt )1
d

<o [ ILaoPuwiy(—)
= C s n\T,Y) " wu\y)ay Wu(n,x) y
This again leads to (2.3). The proof of Theorem 2.2 is complete. [

Proof of Proposition 2.4. Let g € II,,. Assume 1 < ¢ < oo and let L,, be the kernel
from (1.8), with @ admissible of type (a). By Lemma 2.3, g = L,, * g. We use this,
Holder’s inequality, (2.1), and that W, (n;z) > n=2" to obtain

1/q
960 < lolly (s ) < ey, e B,
and hence
(7.7) lglloe < enl®2/ %) glly, 1< g < oc.
Let 0 < ¢ < 1. The above inequality with ¢ = 2 yields

1
lgll3 < en®*2" / ) l9(W) >~ g ()| Tw, (y)dy < en®™ 2" g]|25 7| g]|2.

Therefore, (7.7) holds for 0 < ¢ < 1 as well.
Let 0 < g < p < co. Using (7.7) we have

1/p
ol = ([ 1ol late)lw, o))
1_1 = 1 1_1
< en 23D g7 gl = en 23D i),

Thus we have proved (2.10). O
We next prove (2.11). Assume first that 1 < ¢ < co. Using again that g = L, *g,
Hélder’s inequality (1/q +1/¢' = 1), and (1.11) we obtain for z € B?,

q/
Lo (2,y)W(n;y) 77577

9@ < IWiu(rs )5 739 g ( /B %(y)dy)l/ql

nd wy(y)dy "
L . [Wtns ) 539,
W (n; z)1/2 </Bd Wa(niy) 20 (1 +nd($ay))a> : q

where 8 = ¢'(v+ 1% —1). The last integral can be estimated by using (2.1), yielding

q
nd/a 1_1
96 < ez Wl )77 7090l
JTARAR]

Hence
(7.8)  IWuln: ) Pg( oo < en W (s ) 5 g()]lg 1< g < o0
Let 0 < ¢ < 1. Then by (7.8) with ¢ = 2 we have

IWou(n: ) 2g() oo < en?|[Wu(ns )57 2g( )
< en®2 W, (s ) PGS Wi (ns ) 5 g () 972,

Therefore, (7.8) holds for 0 < ¢ < 1 as well.
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Let p < oo. Using (7.8), we have

1/p
Wz gC)l = ([ o) g 7,90 v, )

1/p
et =5 Wyt gy [ [ Weliz)e@l” o dx)
<en D Wm )0 (/B )

1_ 1
=en G | W (ns ) g ()l
Hence (2.11) holds for p < oo. If p = 0o (2.11) follows from (7.8). O

Proof of (3.13). From (3.10) with k sufficiently large (k > d 4 2u will do), and
(3.12), we infer for 0 < r <7

0 <c1 < lpell2

id wy,(y)
< el (Betryym(Be(r)) + 2! /Bd\Bgm W@ 5) (1 + 2dE ) Y
274 1Uu(y>

T+ 20 Jpa W, (25 9) (1 + D€, )"
C2

where co depends only on k, d, and p. For the last inequality we used Lemma 2.1
with p = 2. Let r := ¢*277, where ¢* > 0 is selected so that co/(1 4+ 27r) =
c2/(14 ¢*) < ¢1/2. Then from above

< el Lo (Be (r)ym(Be (1)) + C( dy

< lell Lo (Be(ryym(Be (1)) +

c 9Jd 1/2
x9—3)) > — > - .
leellznpeeran) 2 m(Be(c*277)) ~ C(WM(QJ;g))

A similar estimate holds for ¢¢ as well. [

7.2. Proofs for Sections 4-5.

Proof of Lemma 4.5. Using the orthogonality of the subspaces V¢, we have ®; x
Ye(r) =0ifE e X, forv>j+20rv<j—2.

Let £ € X, j — 1 <v < j+ 1. From the localization of the kernels ®;, given in
(3.9), and the needlet localization from (3.10) it follows that for any k > 0 there is
a constant ¢, > 0 such that

2984/2 w,.(y)

[<e ’“\/W 275 1) St /W, (27, y) (1 + 29d(z,y))k (1 + 29d(y, €))*

D * he () dy.

Denote
Q¢ :={y € B :d(y,€) > d(z,€)/2} and Q, := {y € B : d(x,y) > d(z,£)/2}.
Evidently, B? = Q¢ U, and hence

1D, + e (@)] 2 wy(y) d

-k ) <e

PR E T WL @0 w) (1 + 2id(x, €))F Ja, Wa(27;y) 1+2ﬂd<m y)F Y
213d/2 ( )

+ d
Ck\/W“(W 2)(1 4+ 20d(z, €))% Jo, Wu(275y) 1+2ﬂd(y,€)) Y

= J1 + Js.
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We may assume that £ > d. Then employing Lemma 2.1 with p = 2, we get

w,. (y) wy(y)
o W@ ) (1 + 2@ ) = Jpa W@ )1 + 27d(, )

which yields

—id
s dy <2779

2jd/2
Ji S;C - - .
VW25 2)(1 + 2d(z, §))*
One similarly estimates J5. This completes the proof of the lemma. O
Proof of Lemma 4.6. Estimate (4.9) follows readily from the localization of the
needlets (see (3.10)) and the lower bound estimate from (2.19) taking into account
that Re C Be(c®277) for € € X;.
We now prove (4.10). By the lower bound estimate (3.13) it follows that there
exists w € Be(c*277) such that
2jd/2

lpe(w)| > c—=="

V Wu(2j§f)
Also, by (3.11) it follows that for every = € B, (277)
27(d/2+ 1) d(w, x)

(7.9)

(7.10) lpe(w) — pe(a)]| < ¢ .
W (27;€)
By (7.9)-(7.10) it follows that for a sufficiently small constant ¢ > 0
9jd/2

|pe(2)] = lpe(w)|—lpe(w) e ()] = NGRS > clp, o1 (@), =€ Bu(e27),

which yields
(Mype)(z) > C(MtﬂBw(ézfj))(fE) > 0135(27]')(@‘) > c]~le (x), =z€ B4,

where in the second inequality we used (2.19).
One similarly shows that Mye > clg,. O

Proof of Lemma 4.8. For the proof of this lemma we need a couple of additional
lemmas.

Lemma 7.2. Let k > d and 7 > 0. Then

1
(7.11) > ———————<c zeB
& T+ 2d(2,9))
and for any &,m € BY

Z 1 <c !
= (1+ 27d(&, w)F(1 + 27d(n, w))F = “(1+ 27d(&,m)*

weX;

(7.12)

Proof. Fix £ € X;. Evidently, 1+ 27d(z,§) ~ 1+ 2/d(z,y) for y € Re, and by (2.5)
|\/17|£|27\/17|y|2| § ﬁd(gay) Sczija yeRfa

which implies

|Re| ~ 277 (V1 — [ +277) ~ 2794/ 1~ [y +277), y€ R
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We use the above to obtain

1 1 1
wacﬁczmd/&mmwﬁdy

§EX; §EX;

; 1
< 2’ / : : dy <
B (/1 =[yl* +2779)(1 + 2/d(x, y))*
Here for the last inequality we used Lemma 2.1 with p =2 and p=1/2.
For the proof of (7.12), assume that £ # n and denote

Xj(€) =A{w e &+ d(§w) = d(&,n)/2}, Xj(n) :={w e Xj : d(n,w) = d(§ n)/2}.
Then

1 1 1
2 T 9dE ) (T TG w)F = AT DaE ) 2 (T vdl w)F

wWEX; wEX; (£)
1 1
1+ 2id k 1+ 2id k
T+ 2dE ), 2= T+ 2d(E w)
1 1 1
S TrmaEnr (X (T oy * 2y T 5aE ey
weX; weX;
< 1
o,
—(L+27d(Em))*
where for the last inequality we used (7.11). O
Lemma 7.3. Assume P € Ily; (j > 0), £ € X;, and let 1,22 € B and d(z,,,n) <

277, v=1,2. Foranyk >0

[P(6)]

|[P(a1) = Paz)| < e2d(wy, @) ) (1+27d(n, €))F’

§EX;

where ¢ > 0 depends only on d, k, i, and c.

Proof. Fix P € Il,; and assume that Lo; is the reproducing kernel from Lemma 2.3
with n = 27, Then, Ly; * P = P. Since Ly;(z,-)P(-) € Ily+2, and the cubature
formula (2.25) is exact for all polynomials from IIy;+2 we have

P@)= [ Lo@a)P@ua)ds = 3 Acloi(n.OPE), x € B
B §EX;

We use (2.4) to obtain for x1, x5 € B¢ with d(z,,n) <277, v =1,2,
|P(21) — P(z2)| = ’/Bd[sz (71,9) — Lai (z2,9)|P(y)wu(y) dy

< Z |Ael[Lai (w1,€) — Lai (22, )[|P(€)]

£EX;
j W, (2, 6\/2  |P(n)]
<2 d(xl,mg)gezx (Wu(gjm)) (1+23d(&,m))*
[P ()

< c2Md(zy, x2) Z

neX;

(1 +27d(& m))k =2
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Here we used that A\¢ ~ 2779W,(27;¢) and for the last inequality we used (2.6).
Taking into account that k£ > 0 can be arbitrarily large the result follows. (]

Completion of the proof of Lemma 4.8. Since b < ag, it trivially follows that
b; < ag.
For the other direction let
de := max{|P(z1) — P(z2)| : 1 € Re,d(z1,22) <2777}

Obviously a¢ < be 4 d¢. Now Lemma 7.3 yields

—r |P(n)]
de <2 E —_— X;.
= nex; (1+27d(&,m))k’ $eh

From the definition of df in (4.11) we infer

. |P(n)]
dg<e2’ ) Z 14 2id(w,n))k(1 + 27d(€, w))*

weX; neX;

. |P(n) o
<27 — < 27"
o 2; L+ 20d(n, O ~© %

where for the second inequality we interchanged the order of summation and used
Lemma 7.2. Hence, aZ < bZ + dZ < bz + 02*’"(12 with ¢ > 0 independent of r. By
selecting r sufficiently large we get af < cbg. [

Proof of Lemma 4.9. We first prove Lemma 4.9 in the case p = 0. We fix { € &)
and define Sy := {n € X; : d(n, &) < ¢°277} and

Sm = {n € Xj : 277 < d(n, €) < P27}, m > 1,

where ¢® is the constant from Proposition 2.12. By Definition 2.10 it follows that
#Sm < 24 Let us also set

By, i= Be(c®(2™ +1)277), m > 0.
Evidently, R, C By, for n € S,, 0 < v < m. Moreover, if n € S, then
d(¢,0B) < d(&,n) + d(n, 0B?) < 279%™ + d(n,0BY).
Hence, using (2.14), we get
mBm) _ yma (d<e, 9B) + 2-j+_m>2“
- d(n,0B%) + 27

< de d(nvaBd) _|_2—j+m 2 < 2m(d+2,u.)
=¢ d(n,0B%) + 273 = '

(7.13)

Set v := max{0,1— 1} < 1. Using Holder’s inequality if ¢ > 1 and the ¢t-triangle
inequality if 0 <t < 1, we get

* b| —mao —m(o
bgzz(HMM <e Y 27N byl <Y 2N, [

nex; m>0 nESm m>0 nESm
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We now use (7.13) to obtain, for « € Ry,

pi=e 3 2 ([ ]S )0, )] o) )
m=0 nes

m

<o 2 /Bm (3 () et o] )

1/t

m=0 nNESm
1/t
—m(oc—d—(d+2 )/t
022 # mB / Z\b I1g, ( }wu()dy)
m>0 m WES
<eMi( D fbulln, ) (@),
weX;

where for the last inequality we used that o > d + (d + 2u)/t.
Consider now the general case. Using (2.6) we have for { € &

J-m\Y
neEX; (

+ de 5 77)) 1+ 29d(€, )7 —26hl

< c(WH<2j;e>*|bg|) ,
where we used that o > d + (d + 2u)/t + 2p)vy|. Now (4.13) in the general case
follows by the same inequality in the case p = 0 established above. [
Proof of Lemma 5.4. For any { € &, we denote ag := max,cr, |P(z)],
me := min |P(z)|, and b¢ :=max{min |P(z)|:w € Xj;,, R, N R¢ # 0},
TER; TER,,
where r > 1 is the constant from Lemma 4.8.

Choose 0 <t < p. By Lemma 4.8 we have ag < cbi. We use this, Lemmas 4.9,
and the maximal inequality (2.17) to obtain

(X wae@serapmra)” = | S waeieraca)|

£EX; £eX;
(7.14) < cH Z WH(Qj;é“)VbZ]lRE( H < cHMt( Z Wy (27 g)vb§1R£>(.)H
tex; £eX; P
< CH > Wu(QJ;f)’*bgle(')H :
ce; g
Now, exactly as in the proof of Theorem 4.4 (see (4.17)) we have
(7.15) bW (26U, < 3 m W) g,
WE‘XJ+T(£)

where Xj 4, (§) := {w € Xj4, : RyNRe # 0}. Combining this with (7.14) and using
that #X;1,(¢) < ¢, Lemmas 4.9, and the maximal inequality (2.17), we get

(X wu@seramre) " <] X mw i, 0
§EX; NEX; 4r

<e|me( D mam@ i e, )0 <e| X maWa @i 1, ()

NEXj4r NEX;1r

p p

< || Pllp-
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Here for the forth inequality we used that W, (2/7";n) ~ W,(2%;2) if z € R,),

ne Xj+r~ O
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