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APPROXIMATION IN LEARNING THEORY

V.N. TEMLYAKOV

ABSTRACT. This paper addresses some problems of supervised learning in the setting formu-
lated by Cucker and Smale. Supervised learning, or learning-from-examples, refers to a process

that builds on the base of available data of inputs z; and outputs y;, ¢ = 1,...,m, a func-
tion that best represents the relation between the inputs x € X and the corresponding outputs
y € Y. The goal is to find an estimator f, on the base of given data z := ((z1,y1),--., (Tm,Ym))

that approximates well the regression function f, (or its projection) of an unknown Borel prob-
ability measure p defined on Z = X X Y. We assume that (z;,y;), ¢ = 1,...,m, are indepent
and distributed according to p.

We discuss the following two problems: I. the projection learning problem (improper func-
tion learning problem); II. universal (adaptive) estimators in the proper function learning
problem. In the first problem we do not impose any restrictions on a Borel measure p except
our standard assumption that |y| < M a.e. with respect to p. In this case we use the data z
to estimate (approximate) the La(px) projection (f,)w of f, onto a function class W of our
choice. Here, px is the marginal prabability measure. In [KT1,2] this problem has been studied
for W satisfying the decay condition e, (W, B) < Dn~" of the entropy numbers e, (W, B) of W
in a Banach space B in the case B = C(X) or B = La(px). In this paper we obtain the upper
estimates in the case €, (W, L1(px)) < Dn~" with an extra assumption that W is convex.

In the second problem we assume that an unknown measure p satisfies some conditions.
Following the standard way from nonparametric statistics we formulate these conditions in
the form f, € ©. Next, we assume that the only a priori information available is that f,
belongs to a class © (unknown) from a known collection {©} of classes. We want to build
an estimator that provides approximation of f, close to the optimal for the class ©. Along
with standard penalized least squares estimators we consider a new method of construction of
universal estimators. This method is based on a combination of two powerful ideas in building
universal estimators. The first one is the use of penalized least squares estimators. This idea
works well in the case of general setting with rather abstract methods of approximation. The
second one is the idea of thresholding that works very well when we use wavelets expansions as
an approximation tool. A new estimator that we call big jump estimator uses the least squares
estimators and chooses a right model by a thresholding criteria instead of the penalization. In
this paper we illustrate how ideas and methods of approximation theory can be used in learning
theory both in formulation of a problem and in solving it.

1. INTRODUCTION. SETTING. KNOWN RESULTS

We discuss in this paper some mathematical aspects of supervised learning theory. Su-
pervised learning, or learning-from-examples, refers to a process that builds on the base of
available data of inputs z; and outputs y;, ¢ = 1,...,m, a function that best represents
the relation between the inputs x € X and the corresponding outputs y € Y. The central



question is how well this function estimates the outputs for general inputs. This is a big
area of research both in nonparametric statistics and in learning theory. In this paper we
confine ourselves to results obtained in a direction of further development of the settings and
results from the paper of Cucker and Smale [CS]. For results in other settings we recommend
a book of V. Vapnik [V], a survey by T. Evgeniou, M. Pontil and T. Poggio [EPP], and a
survey on the classification problem by G. Lugosi [L]. Our setting is similar to the setting of
the distribution-free regression problem. In this paper we illustrate how ideas and methods
of approximation theory can be used in learning theory both in formulation of a problem
and in solving it.

A standard mathematical framework for the setting of the above learning problem is the
following ([CS], [PS], [DKPT1,2],[KT1,2], [T2]). Let X C R%, Y C R be Borel sets, p be a
Borel probability measure on Z = X x Y. For f: X — Y define the error

E(f) = /Z (f(z) — 9)%dp.

Consider p(y|x) - conditional (with respect to ) probability measure on Y and px - the
marginal probability measure on X (for S C X, px(S) = p(S x Y)). Define the conditional
expectation

fo(z) = /Y ydp(y)z).

The function f, is known in statistics as the regression function of p. It is clear that
if f, € La(px) then it minimizes the error £(f) over all f € La(px): E(f,) < E(f),
f € La(px). Thus, in the sense of error £(-) the regression function f, is the best to
describe the relation between inputs x € X and outputs y € Y. Now, our goal is to find
an estimator f,, on the base of given data z = ((z1,%1),.-., (Zm,ym)) that approximates
f, (or its projection) well with high probability. We assume that (x;,y;), ¢ = 1,...,m are
independent and distributed accoding to p.

There are several important ingredients in mathematical formulation of this problem.
We follow the way that has become standard in approximation theory and has been used
in [DKPT1,2], [KT1,2], and [T2]. In this approach we first choose a function class W (a
hypothesis space H in [CS]) to work with. After selecting a class W we have the following
two ways to go. The first one ([CS], [PS], [KT1,2], [T2]) is based on the idea of studying
approximation of the Lo(px) projection fiw := (f,)w of f, onto W. This setting is known
as the improper function learning problem or the projection learning problem. In this case we
do not assume that the regression function f, comes from a specific (say, smoothness) class
of functions. The second way ([CS], [PS], [DKPT1,2], [KT1,2], [BCDDT], [T2]) is based on
the assumption f, € W. This setting is known as the proper function learning problem. For
instance, we may assume that f, has some smoothness. In the case of the proper function
learning problem we use the notation O (instead of W) for a class of priors. In Sections 2
and 3 of this paper we study the projection learning problem and in Sections 4-6 we study
the proper function learning problem.

The main question of nonparametric regression theory and learning theory is how to
choose an estimator f,. There are several different approaches to this problem. We now
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discuss some of them. Recently, driven by ideas from approximation theory, the following
general approach to this problem has been developed. The idea of this approach is to choose
an estimator f, as a solution (approximate solution) of an optimization problem (minimax
problem). So, in this approach we should begin with a formulation of an optimization
problem. A standard formulation of such a problem is the following. We begin with a
fixed class © of priors (or a fixed class W where we project f,). That means we impose
a restriction on an unknown measure p, which we want to study, in the form f, € ©.
Developping this approach we encounter three immediate questions: 1. What classes © of
priors (or classes W) to choose? 2. What should be the form of f,7 3. How to measure
the quality of estimation (approximation)? We will not discuss these questions in detail
here. We only note that the following partial answers to the above questions are widely
accepted. 1. A very important characteristic of © that governs the quality of estimation
is a sequence of the entropy numbers €,(0, B) of O in a suitable Banach space B. 2. The
following way of building f, provides a near optimal estimator in many cases. First, choose
a right hypothesis space H (that may depend on ©). Second, construct f,» € H as the
empirical optimum (least squares estimator). We explain this in more detail. For a compact
subset © of a Banach space B we define the entropy numbers as follows

€n(©,B) :=inf{e:3f1,...,fon €0 :0 C U?Zl(fj +eU(B))}

where U(B) is the closed unit ball of a Banach space B. We denote N (©, ¢, B) the covering
number that is the minimal number of balls of radius € with centers in © needed for covering
©. We note that N(0,¢,(0,B), B) < 2".

We define
Jar = argmin&,(f),
where .
) = D)

is the empirical error (risk) of f. This f, 3 is called the empirical optimum or the least
squares estimator. 3. It seems natural (see [CS], [GKKW], [DKPT1], [DKPT?2], [KT1],
[KT2], [BCDDT]) to measure the quality of approximation by £(f,) — £(f,). It is easy to
see that for any f € La(px)

g(f) - g(fp) = ”f - prQLQ(pX)'

Thus the choice || - || = || - ||z, (px) looks natural. The reader can find a discussion of recent
results on optimal rates of estimation for different classes © in a survey [T2].

In this paper we address the following important issue. In many cases we do not know
exactly what is a class © of priors where an unknown f, comes from. Therefore, we try
to construct an estimator that provides good estimation (near optimal) not for a single
class of priors © but for a collection of classes of priors. Clearly, in order to claim that
an estimator f, is near optimal for a class ©® we need to compare the upper estimates of
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approximation by f, with the corresponding lower bounds of optimal estimation for ©. We
will discuss some known lower estimates. The usual in regression theory way to evaluate
the performance of the estimator f, is by studying its convergence in expectation, i.e. the
rate of decay of the quantity E(]|f, — sz%Q(pX)) as the sample size m increases. Here the
expectation is taken with respect to the product measure p™ defined on Z™. We note that
E(fz) —E(fo) = |Ifz — pr%Q(pX). A more accurate and more delicate way of evaluating
the performance of f, has been pushed forward in [CS]. In [CS] they study the probability
distribution function

Pm{z : ||fp - fZHLz(pX) > 77}
instead of the expectation E(||f, — fallZ,(,x))-

The study of the probability distribution function p™{z : ||f, — fzllL,(px) = 7} is @ more
difficult problem than the study of the expectation E(||f, — fall7, (px))- We encounter this
difficulty even at the level of formulation of an optimization problem. The reason for this
is that the probability distribution function provides control of two characteristics: n — the
error of estimation and 1 — p"™{z : ||f, — fallL,(px) = n} — the confidence of the error .
Therefore, we need a mathematical formulation of the above discussed problems of optimal
estimators.

We proposed (see [DKPT2], [T2]) to study the following function that we call the accuracy
confidence function. Let a set M of admissible measures p, and a sequence E := {E(m)}2°_;
of allowed classes E(m) of estimators be given. For m € N, n > 0 we define

ACH(M.E,m) = inf sup p {z:1fo = fallLatox) = m}
where FE,, is an estimator that maps z — f,. For a example, E(m) could be a class of all
estimators, a class of linear estimators of the form

m
fz = Zwi(:cl, ey Ty T) Y
i=1

or a specific estimator. In the case E(m) is the set of all estimators, m = 1,2,..., we drop
E from the notation and write AC,,(M,n).

We begin our discussion of known results with the lower estimate of the accuracy con-
fidence function from [DKPT2]. These lower bounds have been established in terms of a
certain variant of the Kolmogorov entropy of © which we shall call tight entropy. For a
compact © in a Banach space B we define the packing numbers as

P(©,6):=P(0,,B) :==sup{N : 3 f1,...., fn €O,
with
6 < |fi = fills, Vi#j}.
It is well known [P] and easy to check that N(©,0,B) < P(©,0,B). The tight packing

numbers are defined as follows. Let 1 < ¢; < oo be a fixed real number. We define the tight
packing numbers as

]5(@,5) = F_’(@,é, c1,B) :=sup{N :3 f1,..., fn € O,
4



with
(1.1) 6 <|Ifi = fillB < c1d, Vi # j}.

It is clear that P(©,6,¢1, B) < P(©,46, B).

We let o be any Borel probability measure defined on X and let M(©, ) denote the
set of all p such that px = p, |y| <1, f, € ©. We specify B = Lo(p) and assume that
© C La(p). We will use the abbreviated notation P(4) := P(©,6, ¢y, La(p)).

Let us fix any set © and any Borel probability measure p defined on X. We set M :=
M(O, u) as defined above. We also take 1 < ¢; in an arbitrary way but then fix this constant.
For any fixed § > 0, we let {f;}Z_,, with P := P(§), be a net of functions satisfying (1.1).
To each f;, we shall associate the measure

dpi(z,y) := (ai(x)dd(y) + bi(z)do—1(y))du(z),

where a;(z) = (14 fi(z))/2, bi(x) := (1 — fi(x))/2 and dd¢ denotes the Dirac delta with
unit mass at {. Notice that (p;)x = p and f,, = f; and hence each p; is in M(O, p).
The following theorems are known.

Theorem 1.1 [DKPT2]. Let 1 < ¢; be a fized constant. Suppose that © is a subset of
Lo(p) with tight packing numbers P := P(6). In addition suppose that for § = 2n > 0,
the net of functions { f; zP:o in (1.1) satisfies ||fillecx) < 1/4, 1 =1,... ,P. Then for any
estimator f, we have for some i € {1,..., P}

PPz 1 fa— fill oy = n} 2 min(1/2, (P(2n) —1)Y2e=50mT=53/€) vy > 0, m=1,2,....

By C and ¢ we denote absolute positive constants and by C(-), ¢(-), and Agy(-) we denote
constants that are determined by their arguments. For two nonnegative sequences a =
{an}2, and b = {b,}22, the relation (order inequality) a,, < b, means that there is a
number C(a,b) such that for all n we have a,, < C(a,b) b,; and the relation a,, < b, means
that a,, < b,, and b,, < a,,.

Theorem 1.2 [T2]. Assume © is a compact subset of Lo() such that © C U(C(X)) and
(1.2) €n(0, La(p)) xn™".

Then there exist 09 > 0 and Ny, := Ny (r) < m~ T such that

(1.3) AC,,(M(©O,u),n) >0 for n<mnnm
and
(1.4) AC,,(M(©,p),1) > Ce™m™T for > ny,.



Remark 1.1 [T2]. Theorem 1.2 holds in the case © C 2LU(C(X)), |y| < M, with constants
allowed to depend on M.

The lower estimates from Theorem 1.2 will serve as a benchmark for the performance of
particular estimators. Let us formulate a condition on a measure p and a class H that we
will often use:

(1.5) for all feH, wehave |f(z)—y| <M a.e. with respectto p.

Clearly, (1.5) is satisfied if |y| < M/2 and |f(z)| < M/2, f € H.
In Section 4 we prove the following complementary to Theorem 1.2 result.

Theorem 1.3. Let f, € O and let p, © satisfy (1.5). Assume
€n(©,La(px)) <Dn™", n=1,2,..., O CDU(La:(px))-

Then there exists an estimator f, such that for n > Tey, € = C’(M,D,r)m_%, m >
60(M/D)?, we have

m . 2 mn
P8 = Sl o) 2 1} < eXP(— o).

In the case of © satisfying the assumption
n(0,0(X))<Dn™", n=12,..., ©CDUC(X)).

Theorem 1.3 has been obtained in [KT1].
A combination of Theorems 1.2 and 1.3 completes the study of the behavior (in the sense
of order) of the AC-function of classes satisfying (1.2). We formulate this as a theorem.

Theorem 1.4. Let p be a Borel probability measure on X. Assume r > 0 and © 1is a
compact subset of Lo(p) such that

€n(0, La(p)) = n"".
Then there exist &g > 0 and ., < nt, n =< nt = m” 2 such that
AC,(M(O,p),n) =2 b0 for n <y,

and

Cre= 1 m”" < AC,, (M(O,p),n) < e~

form >mnk.

Let us make a general remark on the technique that we use in this paper. It usually
consists of a combination of results from nonparametric statistics with results from ap-
proximation theory. Both the results from nonparametric statistics and the results from

6



approximation theory that we use are either known or very close to known results. The
novelty of this paper is in combining these known results and applying them in a new set-
ting. For example, in the proof of Theorem 1.3 we have used a statistical technique that
was used in many papers (for instance, [LBW], [BBM], [CS]) and goes back to Barron’s
seminal paper [B]. We also used some elementary results on the entropy numbers from
approximation theory.

We now proceed to results on construction of universal (adaptive) estimators. Let us
begin with a case where we impose conditions on the class © in a spirit of Kolmogorov’s
widths. Denote for a set L of a Banach space B

d(©,L)p = sup inf ||f — g|| 5.
feo 9eL

Let £ :={L,}5°, be a sequence of n-dimensional subspaces of C(X). Denote by W(L, «, 3)
a collection of classes W (L), r € |«, ], satisfying the following relations

AW (L), Ln)exy < Dn™", n=1,2,...; W'(L)C DU(C(X)).

In the following discussion let us assume that the unknown measure p satisfies the condition
ly| < M (or a little weaker |y| < M a.e. with respect to p) with some fixed M. Then it is
clear that for f, we have |f,(z)| < M for all = (for almost all ). Therefore, it is natural
to assume that a class © of priors where f, belongs is embedded into the C(X)-ball (Loo-
ball) of radius M. We make this assumption in all theorems of the introduction without
formulating it. In Sections 4 and 7 we prove the following theorem (see Theorem 7.1) that
extends the corresponding results from [DKPT1,2] for the collection W(L, cr, 1/2) to a result
for the collection W(L, a, §) with any 0 < o < 3 < 0.

Theorem 1.5. For a given collection W(L,a, 3), 0 < a < [ < o0, there exists an estimator
fz such that if f, € W' (L), r € [a, B] then for A > Ag(M, o, 3)

pLE(fa) — E(f,) < C(D)A(Inm/m) 75 } > 1 — mCr(M(C2()=A4),

The above theorem provides a universal estimator for the collection W(L, «, 3) of classes
defined in terms of approximation in the uniform norm by linear subspaces. As we already
mentioned the natural norm to work with in learning theory is the Ls(px) norm.

We do not know if Theorem 1.5 holds for f, satisfying

d(fp7Ln)L2(px) S Dn_'f" n = 1,2,...7

instead of f, € W"(L). However, we prove in Section 4 such a generalization of Theorem

1.5 with the subspaces L,, n = 1,2,... replaced, for instance, by the C(X)-balls of L,,. We

note that these results generalize the corresponding results from [KT2] where we imposed

extra assumptions on the subspaces L, in the form of uniform boundedness of the Lo(u)

projections on L, as operators from B(X) to B(X) (see Section 7 for detail). We also

mention the paper [BCDDT] that addresses in addition to the issue of universality the issue
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of online implementation. The construction of good estimators from [BCDDT] is based on
adaptive (data dependent) partitioning of X and on thresholding.
In this paper we give a general scheme for construction of universal estimators. It begins

with a sequence of hypothesis spaces H,,, n = 1,2,.... Then we consider the sequence of
least squares estimators f,#,, n = 1,2,.... Next, we use two different ways of choosing
an estimator f, := fs 1, (choosing n(z)). The first way is based on a known idea of

penalization. We discuss the corresponding results in Section 4. The second way is based
on a thresholding type criterion for the differences &,(fz#,._,) — &a(fa,1,.). We discuss
this way in Sections 5 and 6.

In Sections 5 and 6 we consider a new method of construction of universal estimators. This
method is based on a combination of two powerful ideas in building universal estimators.
The first one is the use of penalized least squares estimators. This idea works well in
the case of general setting with rather abstract methods of approximation, like in Section
4. The second one is the idea of thresholding that works very well when we use wavelets
expansions as an approximation tool. A new estimator that we call big jump estimator uses
the least squares estimators and chooses a right model by thresholding criteria instead of
penalization. The technique of studying these new estimators is more complicated than the
technique developed in Section 4 for studying the penalized least aquares estimators. As a
result we got some restrictions, for instance, r < 1/2 in Theorem 5.2, that probably reflect
technical difficulties rather than a new phenomenon. Our method uses a mixture of the
previous techniques: we measure compactness of H,, in the uniform norm and approximate
f by elements from H,, in the La(px) norm.

Section 3 plays a preparatory role for Sections 5—6. However, it might be of independent
interest. In this section we generalize a known result from [CS] that holds for convex
hypothesis spaces H to the case of nonconvex hypothesis spaces H. We prove that the
condition of convexity can be replaced by a control of the distance from f, to H.

We will often use the classical Bernstein’s inequalities. If £ is a random variable (a real
valued function on a probability space Z) then denote

E(€) = E,(€) = /Z cdp; (€)= /Z (€ — E())dp.

For a single function f we have the following probabilistic Bernstein inequalities. If [£(z) —
E(&)| < M a.e. then for any € > 0 one has

1 — me?
1.6 Probgezm{|— i) —F >eb <2 —
16)  Probucsn {103 8020~ FOI2 I <20 (5 e )
with z := (21, ..., 2, ). Here are the corresponding one-sided inequalities
0T Probuezn{ - 36— EO 2 e <o (5 )
. I z my — Z’L - = € ~ X - 9
i P\ 2@ + M)
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(1.8) PTOszZW{% Zé(zi) —E(§) < —e} <exp (_2(02(57)7i Me/3)> '

In the paper we formulate assumptions on a class W in the following form
(1.9) en(W,B) < Dn™", W C DU(B).

We denote 8™ := S"(D) := S, (D) a collection of classes W that satisfy (1.9) with B =
C(X). The notation S := S/ (D) is used for a collection of classes W satisfying (1.9) with

We often have error estimates of the form (Inm/m)® that hold for m > 2. We could
write these estimates in the form, say, (In(m + 1)/m)® to make them valid for all m € N.
However, we use the first variant throughout the paper for the following two reasons: simpler
notations, we are looking for the asymptotic behavior of the error.

2. LEAST SQUARES ESTIMATORS FOR CONVEX HYPOTHESIS SPACES

In this section we give some results from [CS] in the case when the hypothesis space
‘H is convex. We present these results with complete proofs for the following reason. In
Section 3 we proof similar results under the assumption of convexity replaced by other
assumption. In Section 4 we formulate results similar to those from this section without
proofs. So, for the sake of completeness and for the sake of the reader’s convenience we
have included the complete proofs here. Also, our proofs that use the same ideas as in [CS]
are a little simpler technically and give better numerical constants in the inequalities. We
note that the technique presented in this section is a development of techniques used in
[B], [LBW], [BBM]. At the end of Section 2 we apply this technique to a problem of the
projection learning (improper function learning). Theorem 2.5 is new, it extends known
results (Theorem 2.4) in the direction of replacing the assumption H € S" by a weaker
assumption H € S7. Further comments are given at the end of Section 2. In addition to the
notation f, 7 defined in the Introduction we will use the following notation for the La(px)
projection of f, onto H (we assume existence)

fr = arg %igg(f)

We begin with the following theorem.

Theorem 2.1 [CS]. Suppose that H is a compact and convez subset of C(X). Assume that
p and H satisfy (1.5). Then, for all € > 0

me

Pz E(fan) —E(fH) <€} >1—N(H,e/(16M)) exp(—m

).



Lemma 2.1 [CS]. Let H be a convex subset of C(X) such that fy exists. Then for all
feH

1f = frllLpx) < EC) = E(fn)-

Proof. By the convexity assumption for any f € H and g := f — fy;, we have (1—¢) fy+ef =
frn + €g is in ‘H and therefore,

0 < 1fp = fre = ealLpn) = 1o = frelli,on) = —2¢ /X(fp — fr)gdpx + € /ng dpx.

Letting € — 0, we obtain the following well-known result:

(2.1) /X Uy — F)(f — fr)dpx <0, feM.

Then letting € = 1 we see that || f, — fllr.px) > fo — frllLa(px) Whenever f # f3; and so
fr is unique. Also, (2.1) gives

1f = il Loy S W = FollLagon) = 1o = FrelLagony = E(F) = E(fr0).

We will use the following notations.
6(H) = E(fr) = E(fo) = lfm — pr%Q(pX);

En(f)=E(f) =€) Enalf) =E(f) — E(fn);
Uf)=LUf,2) = (f(x) —y)? = (ful@) —y)? 2= (2,9).
We note that

m

En(f) = B0, ) Ewalf) = — S .5,

=1

Lemma 2.2 [CS]. Assume that H is conver and p and H satisfy (1.5). Then we have

o® 1= o (L(f)) < AMEx(f).

Proof. We have
o (0(f)) < BUU(f)?) = B((f(z) = fr(@))?(f(2) + fr(z) — 2y)*)

< AMPB((F (@) — Fu(w))?) = AV — el ) < AMEn(f).
At the last step we have used Lemma 2.1. [
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Lemma 2.3 [CS]. Assume that H is convex and p and H satisfy (1.5). Let f € H. For
alle >0, a € (0,1] one has

a2me

P En(f) — Eralf) 2 aEnlf) + o)} < exp(~ i),
oz Enf) — Eralf) < —alEx(f) + ) < exp(~ 7).

Proof. Denote a := En(f). We note that a > 0. The proofs of both inequalities are
the same. We will carry out only the proof of the first one. Using one-sided Bernstein’s
inequality (1.8) for ¢(f) we obtain

ma?(a + €)? )
2(c2 + M2a(a+¢€)/3)”

Pz En(f) = Era(f) 2 ala+e)} < exp(—

It remains to check that

(a+¢€)? S _€

(2.1) 2(02 + M2?2a(a+¢€)/3) — 5M?

Using Lemma 2.2 we get on the one hand

(2.2) 2¢(0? + M?a(a + €)/3) < M?e(9a + 2¢/3).
On the other hand

(2.3) 5M?(a+ €)? > M?e(10a + 5e).

Comparing (2.2) and (2.3) we obtain the required inequality. [J

Lemma 2.4 [CS]. Assume that p and H satisfy (1.5). Let a« € (0,1), € > 0, and let f € H
be such that

En(f) — Ena(f)
(24) En(f) +e

Then for all g € H such that || f — gllc(x) < {37 we have

< o.

Enlg) — Ena(9)

(2:5) Enlg) +e

< 2a.

Proof. Denote

a = 5H<f)7 a = S'H(g)a b:= gH,z(f)a b= g’H,z(g)'



Then our assumption || f — gllc(x) < 1357 implies
(2.6) la —a'| < ae/2, b —b| < /2.
By (2.4) and (2.6) we get (a > 0)
(2.7) a(l—a) < b+ ae < b + 3ae/2.
Also, by (2.6)
(2.8) a(l—a)> (' —ae/2)(1 —a) >d — ad — ae/2.
Combining (2.7) and (2.8) we obtain
a —b < ad +2ae <2a(a +¢)

which implies (2.5). O
A combination of Lemma 2.3 and Lemma 2.4 gives the following theorem.

Theorem 2.2 [CS]. Assume that H is convex and p, H satisfy (1.5). Then for all € > 0
and a € (0,1)

_ OLE a2m6
Enld) — Enall) 5 90y < N, o C) exp (=27 ).

Iz su
P { fe?% 5H(f)+€

Proof. Let f1,..., fn be the F-net of H in C(X), N := N(H, 537,C(X)). Let A be the set

of z such that for all j =1,..., N we have

gH(fj) - gH,z(fj)

< a.
En(f;) +e
Then by Lemma 2.3
(2.9) m(A) > 1— Nexp( O‘zm)
. — X — 7).
Pl = P52

We take any z € A and any g € H. Let f; be such that ||g — f;[lc(x) < 57- By Lemma 2.4

we obtain that
En(g) — En2(9)

< 2.
Enlg) +e¢

It remains to use (2.9). O

12



Theorem 2.3 [CS]. Let H be a compact and convex subset of C(X) and p, H satisfy (1.5).
Then for all € > 0 with probability at least

p(H,e) :==1— N(H, 16—M,C(X)) exp(— 80M2)
one has for all f € H
(2.10) E(f) <2&(f) +e—E(fn) +2(E(fr) — Ea(fn))-

Proof. Using Theorem 2.2 with o = 1/4 we get with probability at least p(H,€)

(2.11) 5H(f) < 28H,z(f) + €.

Substituting
En(f) =E(f) =€)y Enalf) =E(f) — E(fn)

we obtain (2.10). O

Corollary 2.1. Under the assumptions of Theorem 2.3 we have

gz(fH) - 5z(fz,’H) < 6/2

with probability at least p(H,€).

We will use Corollary 2.1 and other corollaries of Theorem 2.3 in Section 5. The reader
can find a proof of Corollary 2.1 in Section 5.

Proof of Theorem 2.1. We use (2.11) with f = f, . From the definition of f, s we obtain
that &y 2(fz,1) < 0. This completes the proof of Theorem 2.1. [J

The following theorem is a direct corollary of Theorem 2.1.

Theorem 2.4 [CS], [DKPT1,2]. Assume that H € S" is convex and p, H satisfy (1.5).
Then for n > Ny, := Ag(M, D,7)m™ T one has

p" {2z E(far) — E(fn) = n} < exp(—c(M)mn).
Proof. We get from the assumption H € §” that
N(H,n/(16M)) < 20CPM/m*",
Expressing 7 in the form n = Am ™ T we obtain that for A > Ao(M,D,r)
o(CDM/m*"

(—5015) < exp(—e(M)m).

13



Theorem 2.5. Let W be a convexr and compact in L1(px) set and let p, W satisfy (1.5).
Assume W € ST that is

(2.12) en(W, Li(px)) < Dn™", n=12,..., W C DU(Li(px)).

Then there exists an estimator f, € W such that for n > n, = (6M + 4)ey, € =
C(M,D,rYm™ 77, m > 60(M/D)?, we have

Pz E(fa) — E(fw) > n} < exp(—c(M)mn).

Proof. Let N' := N, (W, L1(px)) be a minimal ey-net of W in the L;(px) norm. The
constant C'(M, D, r) will be chosen later. Then (2.12) implies that

(2.13) N < 2(P/e0) /41,

As an estimator f, we take
2 = faN = in&,(f).
fa = fan = argmin £,(f)

We take € > €g and apply the first inequality of Lemma 2.3 with « = 1/2 to each f € N.
In such a way we obtain a set A; with

me

P (A1) > 1~ [N eXp(—W>

with the property: for all f € N and all z € A; one has

(2.14) Ew(f) < 26w alf) + e

Therefore, for z € Ay

(2.15) Ew(f2) < 28wz(f2) + € < 28wz (fa) + €

Let Ay be the set of all z such that

(216) Ew (i) — Ewalfn) < —5 (Ew(fa) + ).

By the second inequality of Lemma 2.3 with o = 1/2

me

p"(Az) < eXp(—W).

Consider A := A; \ Ay. Then

me )

PN 21— (W] + Dexp(—

14




Using the inequality opposite to (2.16) we continue (2.15) for z € A

Ew (f2) < 28wa(fn) + € < 3Ew(fa) + 2e.

Next,

(2.17) Ew(fx) = E(fn)—E(fw) = J{gi/{}(g(f)—g(fw)) < ]I%%ZMH]C_]CWHLKPX) < 2Meo.

Therefore
5w(fz> < 6Meg + 2e.

We choose ¢y < D from the equation

mego
20M2°

3(D/e)™ =

We get
T 1 T

€0 = (60M?)TH DT+ m ™ T+,

For m > 60M2/D we have ¢g < D. We let n = 6Meg + 2¢. Then our assumption n >
(6M + 4)ep implies € > 2¢g and

PZ7A) < (N] 4 1) exp(— et exp(~ )y

~5) <exp(—

m mn
< e~ )

40M2(3M + 2
This completes the proof of Theorem 2.5. [J

We note that Theorem 2.5 with the assumption W € 8" (instead of W € S7) has been
proved in [CS], [DKPT1,2] with f, = f, w (see Theorem 2.4). It is interesting to compare
Theorem 2.5 with the corresponding results when we do not assume that W is convex. Let
us compare only the accuracy thresholds 7,,. Theorem 2.5 says that for a convex W the
assumption W € &7 implies

N <€ M~ TH7

The results of [KT?2] state that W € S (no convexity assumption) implies
N < m~ T, re(0,1],

N < m~ Y2, r>1.

The results of [KT1] give the following estimates for W € S”

(2.18) Nm <m~", re(0,1/2],
15



(2.19) N < m~ Y2 r>1/2.

It has been proved in [KT1] that the estimates (2.18) and (2.19) cannot be improved.
Therefore, even under a strong assumption W € S” the best we can get is 7, < m~/2.
Theorem 2.5 shows that the convexity combined with a weaker assumption W € ST provide
better estimates for big r.

Let us make a comment on studying the accuracy confidence function for the projection
learning problem (improper function learning problem). Similarly to the case of the proper
function learning problem we introduce the corresponding accuracy confidence function

ACL(W.E.n) = inf  sup (a2 £(42) —~£((f,)w) = ')

where sup,, is taken over p such that p, W satisfy (1.5). In the case E(m), m = 1,2,..., is
a collection of all estimators F,, : z — f, € W we drop E from the notation. We note that
in the case of convex W we have by Lemma 2.1 for any f € W

1f = Fodw o on) < EU) = E(fp)w)-

Theorem 2.5 provides an upper estimate for the ACP-function in the case of convex W from
St
ACP (W, n'/?) < exp(—c(M)mn), 1> nm > m™~ T,

We note that the behavior of the ACP-function is well understood only in the following
special cases. Let r > 1/2 then (see [KT1], [T2])

Crexp(—er(M)ymn*) < sup  ACE, (W, ) < C(M, D, r)exp(—co(M)mn*)
WesT(D)

for n > m~*. Also for r > 1 (see [KT2])

Crexp(—ci(M)mn*) < sup ACE (W,n) < C(M,D,r)exp(—cs(M)mn*)
Wes (D)

provided n > m~1/4,
It would be interesting to find the behavior of

sup ACY (W, n)
wesS

in the following cases: I. § = §"(D), r < 1/2; II. S = S7(D), r < L II. S = {W : W €
S;(D), W is convex}, ¢ = 1,2, 00.
16



3. LEAST SQUARES ESTIMATORS FOR NONCONVEX HYPOTHESIS SPACES
The following result has been proved in [DKPT1].

Theorem 3.1 [DKPT1]|. Let H be a compact subset of C(X). Assume that p and H satisfy
(1.5). Then, for all € > 0

P Efuir) = EU) < €} 2 1= N/ (AM)2exp(~ 77

under assumption E(fr) — E(f,) < Ke.

Theorem 3.1 shows that we obtain an analogue of Theorem 2.1 with the convexity as-
sumption replaced by the assumption d(H) := E(fx) — E(f,) < Ke. In this section we will
develop further the idea of replacing the convexity assumption by an estimate for §(H). The
motivation for this is that applications of results of the type of Theorem 3.1 in construction
of universal estimators require bounds in a more general situation than §(H) < Ke. The
following theorem provides bounds for p™{z : £(f, 1) — E(fr) > €} in the case of arbitrary
e and §(H).

Theorem 3.2. Suppose H is a compact subset of C(X) and E(fn) — E(f,) < 6. Assume
that p, H satisfy (1.5). Then, for all e >0

meQ

P T 5))

p"{z: E(fan) — E(fr) > €} < N(H, 16—M,C(X))exp(—

Lemma 3.1 [DKPT1]. For any f we have

1f = Frll s (ony < 2E(F) = EFr) + 2011 = Foll 7o (ox)):

Proof. We have

1f = frllzo(ox) SN = FollLaox) + 1o = frllLacox)-

Next,
If - fp||2L2(pX) =&(f) - g(fp) =E(f) —E(fn) +E(fr) — g(fp)'

Combining the above two relations we get

1f = il on) < 2(01F = FollZaton) + 1 = FollZa(ox))
<2E(f) — Efr) + 201 = foll,pny)- O

17



Lemma 3.2. Assume that p and H satisfy (1.5). Then we have

0% = a*(U(f)) < 8M*(Ex(f) + 26(H)).

Proof. We have
a2 (0(f)) < BE(U(f)?) = B((f(z) = fr(@))?(f() + fr(z) — 2y)?)

< AMPB((f(2) ~ fre@))?) = AMPS = frcl3 ) < BMP(En(f) +26(1)).
At the last step we have used Lemma 3.1. [J

Lemma 3.3. Assume that p and H satisfy (1.5). Let f € H. For all e > 0, a € (0,1] one
has

Pz En(f) = Eralf) 2 alEn(f) + )} < eXp(_32M§(eﬂf5(H))).
Pz En(f) — Ena(f) < —alEn(f) +e)} < eXp(_SQMg(eﬁefs(H))).

Proof. Denote a := Ex(f). The proofs of both inequalities are the same. We will carry
on only the proof of the first one. Using one-sided Bernstein’s inequality (1.8) for £(f) we
obtain

ma?(a + €)? )
2(c2 + M2a(a+€)/3)”"

Pz En(f) — Ena(f) = ala+e)} < exp(—

It remains to check that

(a+€)? €2

(3.1) 20 + M2a(a 1 €)/3) = 3202(c 1+ 8(H))’

Using Lemma 3.2 we get on the one hand

(3.2) (02 + M?a(a+€)/3) < M*e*(9a + 165(H) + €/3).
On the other hand

(3.3) 16M?(e + 0(H))(a + €)* > M?e*(32a + 166(H) + 16¢).

Comparing (3.2) and (3.3) we obtain (3.1). O

A combination of Lemma 3.3 and Lemma 2.4 gives the following theorem.
18



Theorem 3.3. Assume that p and H satisfy (1.5) and are such that E(frn) — E(f,) < 9.
Then for all € > 0 and a € (0,1)

Enlf) = Enalf) 20} < N(H, E,C(X))exp(—%f}z—%)-

p"{z : sup

fen  Enl(f) +e 4M

Proof. Let f1,..., fn be the 37-net of H in C(X), N := N(H, 57,C(X)). Let A be the set
of z such that for all j =1,..., N we have

En(fj) — Enalfj)

< a.
SH(fj) + €
Then by Lemma 3.3
a’me?
4 m(A)>1—-N - ).
(34) PN 21 = New (=gt g)

We take any z € A and any g € H. Let f; be such that ||g — fjllc(x) < fi7- By Lemma 2.4

we obtain that
Enlg) — En(9)

< 2a.
Enlg) +e

It remains to use (3.4). O

Theorem 3.4. Let H be a compact subset of C(X) such that E(fxn) — E(f,) < 6. Assume
that p, H satisfy (1.5). Then for all e > 0 with probability at least

2

€ me

p(H,€,0) :=1— N(H, 16—M,C(X)) exp(—m)
one has for all f € H
(3.5) E(f) S 28,(f) + €= E(fr) +2(E(fr) — E(fn))-

Proof. Using Theorem 3.3 with o = 1/4 we get with probability at least p(H, ¢, d)

(3.6) Enf) < 2632 (f) + <.

Substituting
En(f)=E(f) =€)  Enalf) =E(f) — E(fn)

we obtain (3.5). [
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Corollary 3.1. Under the assumptions of Theorem 3.4 we have

gz(fH) - gz(fz,H) S 6/2

with probability at least p(H, €, ).

Proof of Theorem 3.2. The statement of the theorem follows immediately from (3.6) with
f = fan because Ex z(fz1) < 0 from the definition of f, 5.

Theorem 3.5. Let W be a compact in Li(px) set and let p, W satisfy (1.5). Assume
W e S7 that is

(3.7) en(W,L1(px)) <Dn™", n=1,2,..., W C DU(Li(px))-
Then there exists an estimator f, such that for n > n,, := (6 M + 4)eo,

€0 :== C(M,D,r)(m™! max(m_ﬁ,cS(W)))ﬁ, m > Cy(M,D,r),
we have

c(M)mn?

p"{z: E(fa) — E(fw) = n} < eXP(—m)-

Proof. Let N' := N, (W, L1(px)) be a minimal ey-net of W in the L;(px) norm. The
constant C(M, D, r) will be chosen later. Then (3.7) implies that

(3.8) N < 2P/ "1,
As an estimator f, we take
g = fa N = in&,(f).
fa = fan 1= arg min (f)

We take € > €9 and apply the first inequality of Lemma 3.3 with o = 1/2 to each f € N.
In such a way we obtain a set A; with

m€2

128M2(c + 5(W)))

p" (A1) =1 — |Nexp(—

with the property: for all f € N and all z € A; one has

(3.9) Ew (f) < 26w a(f) + e

Therefore, for z € Ay

(3.10) Ew (fa) < 26wa(fa) + € < 28wa(fn) + €.
20



Let A, be the set of all z such that

(3.11) S (Ix) ~ Ewalfn) < — 5 (Ew (i) +)

By the second inequality of Lemma 3.3 with o = 1/2

me>
P (o) < exp(- 1280M2(e + (5(W)))'
Consider A := A; \ Ay. Then
me>
P (A) >1—(IN|+1) exp(— 2802 (c & 5(W)))

Using the inequality opposite to (3.11) we continue (3.10) for z € A

Ew (f2) < 28wa(fn) + € < 3Ew (f) + 26
By (2.17) we obtain from here
gw(fz) S 6M€0 + 2€.

We choose €y := C(M,D,r)(m™* max(m_HLr,d(W))) T from the inequality

2
meg

3(D —
(D/eo) 1280M2(eo + 6(W))
Then for m > Cy(M, D,r) we have ¢g < D. We let n = 6M¢y + 2¢. Then our assumption
n > (6M + 4)eo implies € > 2¢p. Using the inequality

3=

<0.

€0 +0 _ €
> - >
e+d — €’ c=
we obtain
62 . 6(2) > 1 62
etd(W) e+o(W) = 2e+d(W)
Therefore
p"(Z™\ A)
2 2 2
me3 me meo
< 1 — -
< VD (™ gty + 50y P 138072+ 507)) 13832 (co -+ 5(7)))

me? c(M)an).

< N Sl At
256 M2 (c + 5(W))> sep(= 3(W)
This completes the proof of Theorem 3.5. [J

< exp(—

Let a, b, be two positive numbers. Consider a collection K(a, b) of compacts K,, in C(X)
satisfying

(3.12) N(Kn,e,C(X)) < (a(1+1/e))"n", n=1,2,....
Denote 6; := Aj 2", €j 1= Aﬂ%. Let j, be the minimal j € (1, m] such that €; > §;. Then

1
g =< (M) T+2r
Denote €(r) :=¢;j,.
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Lemma 3.4. Assume {K,}", satisfy (3.12) and r < 1/2. Then for A > C(a,b, M)

> (L =p(Kj,ej,05)) + > (1= p(Kj,e(r),6;)) <m— MDA,

J=Jr J<jr

Proof. For estimating 1 — p(Kj,¢€;,9;), j € [jr, m] we write

2
mej

(3.13) In(N (K;, ¢/ (16M), C(X)) exp(~ gz a7 5y)

<jln(a(1416M/e€;)) +bjlnj —

210M2 <jln(a(l14+16M))+j(1+b)lnm — Aca(M)jlnm

< —Acz(M)Inm
for A > Ci(a,b, M).
We proceed to the case j < j,.. We now have

(18 I (V) 000,050 57 )
< jln(a(l +16M/e(r))) + bjlnj — % < cz(a,b, M)jlnm — Acs(M)m (h;lm) T

(lnm)

< j(ca(a, b, M)Inm — Acs(M)m 1+2r32r ') < —Acg(M)Inm

m T

for A > Cs(a,b, M).
Combining (3.13) and (3.14) we complete the proof of Lemma 3.4. [

Lemma 3.4 allows us to use the inequality (3.5) simultaneously for all j = 1,...,m with
H =K, e =max(ej,e(r)), 6 =9,.

Theorem 3.6. Let compacts K;, j = 1,...,m, satisfy (3.12) and all pairs p, K;, j =
1,...,m, satisfy (1.5). Assume that

E(fr;) —E(f,) <AJT?, re€(0,1/2].
Then there exists Ag(a,b, M) such that for A > Ag(a,b, M) we have all the inequalities

(B15) () < 2k, a() + TUXIIINI e pm),

where j, is the minimal j € (1,m] such that j1™2" > m/Inm, with probability > 1 —
—c(M)A
m .

Proof. By Theorem 3.4 (see (3.6)) with H = K, ¢ = W, § = Aj72" we get
(3.15) for j € [1,m] with the probability

m

PZl—(Z(l— p(Kj, 6w5))+Z(l—p(Kg‘ae(T)ﬁj)))Zl—m*C(M)A

with the €;, d;, €(r) defined above. It remains to use Lemma 3.4. OJ
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Corollary 3.2. Under the assumptions of Theorem 3.6 we have the inequalities

(316) gz(fK]) - gz(fZ,Kj) S AmaX(j,jT) Inm

b e 17 )
Sy j €[1l,m]

with probability > 1 — m—c(M)A,

Proof. The inequalities (3.16) follows from (3.15) with f = f, k; if we note that Ex,(f) > 0,
fekK; O

4. PENALIZED LEAST SQUARES ESTIMATORS

The technique from Section 2 can also be used in the following situation. Define
Ef)=E(f) —E(fo);  Epalf) = E(f) — Ealf);
Uo(f) = (f(@) = y)* = (fo(x) —y)*.

Then we have the following analogues of the lemmas from Section 2.

Lemma 4.1. Let f, f, be such that |f(z) —y| < M, |f,(x) —y| < M a.s. Then we have

o*(Lo(f)) < AMPE,(S).

Lemma 4.2. Let f, f, be such that |f(x) —y| < M, |f,(x) —y| < M a.s. Then for all
€ >0, o €(0,1] one has

2

P2 E,(F) = Epalf) 2 al€,(f) + O} < exp(=Frrr),
P72 E)(F) — Epalf) < —al&y(f) + )} < exp(~ 2575 )-

Lemma 4.3. Assume p, H satisfy (1.5) and f,g € H are such that || f —g|c(x) < ae/(4M).
Let a« € (0,1), € >0, and let f be such that

Ep(f) = Epa(f)
gp(f) +e€

< Q.

Then we have
Ep(9) — Epz(9)

< 2o
Ep(g) +e

These lemmas imply the following analogue of Theorem 2.3.
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Theorem 4.1. Let H be a compact subset of C(X). Assume that p and ‘H satisfy (1.5).
Then for all € > 0 with probability at least

€
16M

me

p(H7P»E) :l_N(H7 _W)

,C(X)) exp(
one has for all f € H

(4.1) Eo(f) < 26,4(f) + e

We first demonstrate how Lemma 4.2 can be used in proving optimal upper estimates.

Theorem 4.2. Let f, € © and let p, © satisfy (1.5). Assume
(4.2) €n(0,La(px)) < Dn™ ", n=12..., ©CDU(L2px)).

Then there exists an estimator f, such that for n > n, = Teg, € = C(M,D,r)m_%,
m > 60(M/D)?, we have

Pz || fz — fpuiz(px) Z N} < eXp(_200M2)'

Proof. Let N := N.1/,2(©, La(px)) be a minimal e/*-net of © in the Ly(px) norm. The
0
constant C'(M, D, r) will be chosen later. Then (4.2) implies that

(43) |N| S 2(D2/€O)1/(2T)+1.
As an estimator f, we take
2 = faN = in&,(f).
fa = fan 1= argmin £,(f)

We take € > €9 and apply the first inequality of Lemma 4.2 with o = 1/2 to each f € N.
In such a way we obtain a set A; with

me

P (A) > 1 —|N| eXP(‘m)

with the property: for all f € N and all z € Ay one has

(4.4) E,(f) < 26,(f) +c.

Therefore, for z € Ay

(4.5) Ep(fa) < 26pa(fa) + € < 26,0(fu) + <.
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Let A, be the set of all z such that

(46) E(In) — Epaline) < —3 (E,(ix) o).

By the second inequality of Lemma 4.2 with v = 1/2

m me
p"(A2) < eXp(—W).
Consider A := A; \ Ay. Then
m me
p"(A) =1 = (IN+1) eXP(—W)-

Using the inequality opposite to (4.6) we continue (4.5) for z € A
En(fz) < 2gp,Z(fN) +e< 35p(f/\/’) + 2e < 3€p + 2e.

We choose €y < D? from the equation

mego

D?/eg)zr = — 2.
3D €)™ = 5

We get

2 2r 2 __2r
€0 = (GOM )1+2rD1+27’m Ttor

For m > 60(M/D)? we have g < D?. We let 7 = 3¢ + 2¢. Then our assumption 7 > Teg
implies € > 2¢p and

MY < exp(— o,

PHZ\A) < (N4 1) exp(— e ) eep (- L)) < (T L/

20M?2 20M?
This completes the proof of Theorem 4.2. []

Let us compare Theorem 4.2 with Theorem 3.5 in the case §(W) = 0, what corresponds
to the assumption f, € W. We note that assumptions © € S] and © C MU (Lo (px))
imply that

€n(0,La(px)) < (2MD)Y 2?0772 n=1,2,....

Therefore, for © € §7, © C MU (L (px)) Theorem 4.2 implies

_ 2(r/2) __r
nm << m 1+2(r/2) — m 1+

which corresponds to the estimate from Theorem 3.5. Thus, in the case f, € © Theorem
4.2 implies Theorem 3.5.

We proceed to the universal estimators. Let as above K := K(a,b) be a collection of
compacts K, in C(X) satisfying (3.12). We take a parameter A > 1 and consider the
following estimator

sz = ff(’c) = fz,Kn<z)

with
Ajln m)

n(z) = arglg}iélm(gz(fz,l{j) +
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Theorem 4.3. For K := {K,}22, satisfying (3.12) there exists Ay := Ag(a,b, M) such
that for any A > Ag and any p such that p, K,, n=1,2,... satisfy (1.5) we have

4AjInm
m

Hf fPHLz(pX) < min (3d(f,, K )Lz(px) + )

1<j<m

with probability > 1 — m—c(M)A,

Proof. We set €; = 2‘%% for all j € [1,m]. Applying Theorem 4.1 and Lemma 4.2 we
find a set A with
pm(A) >1-— m—c(M)A

such that for all z € A, j € [1, m] we have

Ep(f) £28,4(f) te;, VfeEK;

N W

gp,z(ij) < gp(ij>+6j/2'

We get from here for z € A

An(z)Inm

Sp(sz) < ng,z(fz,Kn(z)) + €n(z) = 2(“-::p,z(fz,Kn(z)) + m

)

) Ajlnm Ajlnm
o 21£IJ1‘1§nm(5”’z<fszj) + )

) S 2 lgign’m(gp’Z(ij) +

2A7Inm
m

. 3
< 21gj11§flm(§5p(ff<j) +

). O

We note that results in a style of Theorem 4.3 with bounds of the expectation E,m (|| fA—
Foll2(px)) are known (see [GKKW, Ch.12]).

Theorem 4.4. Let compacts {K,,} satisfy (3.12). There exists Ay := Ao(a,b, M) > 1 such
that for any A > Ay and any p satisfying

d(fp, Kn)La(px) < Al/gn_r, n=12,...,
and such that p, K, n=1,2,..., satisfy (1.5) we have for n > Al/Z(Tm) o

—C m 2
Pz | F2 = Foll ooy = 4AY 20} < CemeMDmn,

Proof. Let n > AY?(ILm)32r . We define n as the smallest integer such that 2n >

mn?/Inm. Denote €; := M, j € (n,m]; ¢j := An?, j € [1,n]. We apply Theorem
4.1 to K; with € = ¢;. Denote A the set of all z such that for any f € K
(47) &) < 26,u(f) + .
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By Theorem 4.1
p"(Aj) = p(Kj, p, €5)-

For estimating p(Kj, p,€;) we write (j € [n,m])

In(N(Kj,€e;/(16M),C(X)) exp(— 8781]\72 )

mej
80M?2

< —Acz(M)jlnm < —Acg(M)nlnm < —Acy(M)mn?

<jln(a(l+16M/e;)) +bjlnj — <jln(a(l1+8M))+j(1+b)lnm — Aco(M)jlnm

for A > Cy(a,b, M). Similar estimate for j € [1,n] follows from the above estimate with
j=n.
Thus (4.7) holds for all 1 < j < m on the set A" := N7, A; with

(4.8) P (N) > 1 — e es(M)mn’”,

For j € [1, m] we have by the assumption of Theorem 4.4 that

(4.9) Ep(frc;) = 1fre; = FollTypny < AT
We apply the second inequality of Lemma 4.2 to each fr, with a = 1/2 and ¢; chosen
above, j = 1,...,m. Then we obtain a set A” of z such that
3 .

(4.10) Epa(fK;) < §gp(ij)+6j/2’ j=1,...,m,
and
(4.11) PNy >1— Zexp(— e )>1-— eco(M)mn”

- = 20M27 —

For the set A := A’ N A” we have the inequalities (4.7) and (4.10) for all j € [1,m]. Let
z € A. We apply (4.7) to f2 = fz.K, - We consider separately two cases: I. n(z) > n; IL
n(z) < n. In the first case we obtain

An(z)Ilnm

(4.12) E (1) < 2(EaF) + —

Using the definition of f and the inequality (4.10) we get

N An(z)Inm Aj lnm)

(4.13) gp,Z(f;‘) = min (EP,Z(fZ,Kj) +

m 1<j<m
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< m
3 2A5Inm Ajlnm
= mln(nglgm(ig(ij) m ), 1<]12n(§g(ij) * m ) * A772/2)
. /3 2AjInm . /3 or . 2A7Inm 9
Slglgnm(iﬁ(ffgj)—i— )+ A /2§12}1§nm(—AJ ) + An? /2.

Substituting j = [(m/In m)le] + 1 and using the inequalities

1

(m/lnm) T < j < 2(m/Inm) T

we obtain from (4.12) and (4.13)
1 _2r
E,(f2) < NA(RIY T 4 Ap? < 1242,
m

This gives the required bound

12" = follLaqox) < 4AY 20,

In the second case we obtain
Ep(f) < 26,.(f5) + An?.

Next, we have

Epulf2) < min (Epulfx,) + 12T

~1<j<m

Using Lemma 4.2 we continue

n 2Aj lnm)

24751
+ ﬂ) + An* /2 < 6An°.

Therefore,
Eo(fa') < 13A1°.
The proof of Theorem 4.2 is complete. [

As it is mentioned in the Introduction in [DKPT2] we proposed to study the AC-function.
In the discussion that follows it will be more convenient for us to express the results in terms
of the following variant of the accuracy confidence function

acy, (M,E,n) = ACp,, (M, E, n'/?).
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We may study the ac-function in two steps.
Step 1. For given M, m, E(m) find for § € (0,1) the smallest ¢,,,(M, §) := t,, (M, E(m), )
such that
ac,, (M, E,t,,(M,9)) <

J.
It is clear that for n > t¢,,(M,d) we have ac,,(M,E,n) < ¢ and for n < t,,,(M, ) we have
ac,, (M, E,n) > 6.
The following modification of the above t,,(M,d) is also of interest. We now look for the
smallest ¢,,(M, 6, ¢) such that

ac,,(M,E, t,,(M,d,¢)) <om™ ¢, ¢>0.
It is clear that ¢,,(M,d) < t,,(M,d,c). We call the t,,(M,d) and t,,(M,d,c) the approxi-

mation threshold for the proper function learning.
Step 2. Find the right order of ac,,(M,E,n) for n > t,,(M,d) as a function on m and

n.
It has been proved in [DKPT2], [T2] (see Theorem 1.2 of Introduction) that for a compact

© C La(p) such that © C U (Lo (1)) and
(4.14) €n(©, La(p)) <xn™",
one has: there exists dp > 0 such that for any § € (0, do]
b (M(O, 1), 8) > m™ T,
Theorem 4.2 implies that under the above assumptions
tm(M(O, ), ) < m™ 755
Therefore, for any © satisfying the above assumptions we have
(4.15) tm(M(O, 1), 8) < m™ iz, 5 € (0,8).
We now proceed to the concept of universal (universally optimal) estimator. Let a collec-

tion M := { M} of classes M of measures and a sequence E of allowed classes of estimators
be given.

Definition 4.1. An estimator f, € E(m) is a universal (universally optimal) in a weak
sense for the pair (M, E) if for any p € M € M we have

pm{z : ”fp - fz“%/g(px) > 01(M7 E)(lnm)wtm(Mv(Sv C>} < CQmiclv

where C1, c1, and Cy do not depend on p and m.

In the case w = 0 in the above definition we replace in a weak sense by in a strong sense.
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We now discuss an application of Theorem 4.4 for construction of universal estimators.
Let £ := {L,}5%, be a sequence of n-dimensional subspaces of C(X). Consider the C(X)-
balls in L,, of radius D:

K, :=DUC(X))NL,, n=12....
Then the sequence K := { K, } satisfy (3.12) with a = 2D. Consider the classes
(4.16) O (K, ) :=={f :d(f, Kn)rou) < Csn™", n=1,2,...},

with (5 a fixed positive number. We also consider a set V' of Borel probability measures v
defined on X such that

(4.17) en(O"(K,v), La(v)) > Cyn™", veV, relapf.

We consider a class M(r,v) of measures p such that |y| < M a.e. with respect to p and
px =v, f, € O"(K,v). Finally, we define a collection

M:={p:peM(r,v), veV, relua/pfl}

Then for any v € V, r € [, ] our assumptions (4.16) and (4.17) imply (by Carl’s inequality
[C]) that

(4.18) en(O7(K,v), La(v)) <xn™", veV, rel/pf.
Therefore, by Theorem 1.2
to (M(7,v),6,¢) > m ™o,
Choosing w = 1 we get from Theorem 4.4 that for any p € M(r,v) € M
Pz f7 = foll s on) = CLM) (It (M(r,v), 8, ¢)} < Co(M)m ™,
provided that A is big enough. This indicates that the estimator f/ is an universal estimator

in a weak sense for the collection M.

5. BIG JUMP ESTIMATORS. CONVEX COMPACTS

We will use the following theorem that is a corollary of Theorem 2.3.

Theorem 5.1. Let H be a compact and conver subset of C(X). Assume that p, H satisfy
(1.5). Then for all € > 0 with probability at least

(5.1) p(H,m,€) :=1— N(H,e/(8M),C(X)) exp(—
one has for all f € H

me )
40 M2

EZ(fH) - 5z(f) <e
Proof. By Theorem 2.3 (with the parameter 2¢) with probability at least p(H, m, €) we have

E(f) < 2E,(f) + 2e + E(fn) — 2E2(fn).
Taking into account that for any f € H one has E(f) > £(fx) we obtain

EZ(fH) - Sz(f) <e

The following direct corollary of Theorem 5.1 has been formulated as Corollary 2.1 in
Section 2.
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Corollary 5.1. Under assumptions of Theorem 5.1 we have

(52) gz(fH) - 5z<fz,’H) <e

with probability at least p(H,m,€).

We present a scheme of building universal estimators based on convex hypothesis spaces.
Let V := {V,}32, be a sequence of compact convex sets in C(X). Assume that

(5.3) NV, e,C(X)) < (a2°(1+1/€))*, V,cCaU(C(X)), s=0,1,....

It will be convenient for us to assume that V|, consists of only one element fy. Let p be such
that all pairs p, Vi, s = 0,1, ..., satisfy (1.5). Then for €5 := AZS% we get from (5.1) and
(5.3) that

[log m]

(54) Z (1 —p(]/s,m’es)) < m—c1(M)A
s=0

provided A > Ag(a, M).
We take two parameters A > Ag(a, M) and K and build an estimator f, := f,(A, K) in
the following way. Denote

Az,s = SZ(fZ,Vsq) - SZ(fZ,VS)-
First, if

2%Inm

Inm,1/2
)

(5.5) A, < (A+K) + 2412 s=1,...,[logm]
then we set f, := fo.

Second, if (5.5) is not satisfied then we let [ € [1,1ogm| be such that for s € (I,log m|

2°1 1
(5.6) g < (A+ K)= 4 2412(Z2)12,
and
2l Inm 172/ mmy1/2
(5.7) Agi > (A4 K) + 242 (—) ",
m m

Then we set f, 1= f, ;.
We will prove that this estimator is universal for the following collection of classes. We
define a class W) (V, D) as the set of f that satisfy the estimate:

A(f,Ve)L,) < D277, s=0,1,....

We denote
WV, D] :={W/(V,D):r <1/2, v is any Borel measure}.

31



Theorem 5.2. Let V = {V5}32, be a sequence of compact convex sets in C(X) satisfying
(5.3). Assume p is such that all pairs p, Vs, s = 0,1,..., satisfy (1.5). For D > 0 we
set K := 3D?. Then there exists Ay(a, M) such that the estimator f, = f,(A, K) with
parameters A > Ai(a, M), K has the following property. For any f, € W (V,D), r < 1/2
we have

Alnm)l/Q} < m—C(M)A.

m Inm, 2o
p {23Hf}—‘ﬂﬂiﬂpx)ZiC(D)A(—;;) 7+ 4(logm)(

Proof. First of all we use the Bernstein inequality (1.6) and obtain

58 Pz max |E(f) - Ealfr)] < (T2 5 g a0

0<s<logm m

provided A > Ay(M). We set Ai(a, M) := max(Ag(M), Ap(a, M), 1).
Second, we use Theorem 2.4 with H = Vs, e = A2°(Inm)/m and obtain

(5.9) E(far) — E(fu) < A2°(Inm)/m, s € [0,logm]

with probability at least 1 — m~c(M)A,

We begin with the case when (5.5) is satisfied and, therefore, f, = fo. We have

oo

(5.10) E(f2) = E(fo) = E(fo) = E(fo) = D _(E(fv.) = E(f)).

s=1

Using the assumption f, € W/ (V, D) we obtain

E(fv,) = E(fp) = lfv = FollToony S D?272™, mn=0,1,...
and
(5.11) E(fv. ) —E(fv.) < D*272$(14-2%") < 3D?27%% s=1,....
We now estimate E(fv,_,) — E(fv.), s € [1,log m], using (5.5). We rewrite
(5.12) E(fvie) —E(fv.) = (E(fvisy) = Eafviy)) + (Ealfvisy) — Ealfavisy))

+(E&(favios) = Ealfav.)) + (Ealfav.) — E(fv)) + (Ea(fve) — E(Fv))
=: (e1) + (e2) + (Azs) + (e3) + (ea).
Let us define A to be the set of all z such that the following relations hold

>1/2'

Y

(5.13) max  [E(fv.) — E(fv)| < (22

0<s<logm m
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A2%Inm

(5.14) E(fzv.) —E(fv.) < —. » S€ [1,log m];
(5.15) &)~ Eulfur) < 2 (1 logm],

Then by (5.8), (5.9), Corollary 5.1 and (5.4) we get
(5.16) P (A) > 1 — 3m—es(MDA,
For z € A we have from (5.13)

Alnm)1/2

(5.17) e1 4 es < 2( — s € [1,logm)].
From (5.15) we obtain

A2°1
(5.18) e < ==, sl logm].

From the definition of f,y, we have e3 < 0. We have proved (see (5.11) and a combination
of (5.12), (5.17), (5.18)) the following estimate for z € A satisfying (5.5):

2°1] Al
nm +4( nm

E(fy. ) — E(fv.) < min{3D?272"* (24 + K) )21, s e [1,logml.

m

We use the first estimate for s such that 25(0+21) > m /Inm and use the second estimate for
the remaining s. Summing up these inequalities we get from (5.10) for r» < 1/2

(5:19) E(f) ~ £(f) < CDIACL) T - dogm) (417) 2

We now proceed to the case z € A and (5.5) is not satisfied. In this case f, = f,v,. We
write

oo

(5:20)  E(fa) = E(fo) = E(fami) — E(f) = E(favi) = E(fv) + D (E(fv_)) — E(Fn))-

s=I+1

The sum 7, . (-) in the right side of (5.20) can be estimated similar to (5.19) (we use
(5.6) in place of (5.5)):

o0

(5.21) Y (E(fv) —E(fw) < CD)A(

s=Il+1

ln_m)% +4(10gm)(Alnm)1/2‘

m m
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In order to estimate £(f,v;) — £(fy,) we will obtain an upper estimate for {. On the one
hand A, ; satisfies (5.7). On the other hand we have

(5.22) Azt =Efaviy) — Ea(fznr)

= (&a(faviiy) — Ea(fvisy)) + (Ea(fviny) — E(fviiy)) + (E(fviy) — E(fw))
+(E(fwvi) = E(fw)) + (E(fvi) — Ealfavr)) =2 (1) + (62) + (E(fvii,) — E(fwi)) + (3) + (04)-

From the definition of f, v, , we get 6; < 0. By (5.13) we have for z € A

Al
(5.23) 5y + 65 < 2(5)1V2,
m
By (5.11) we have
(5.24) E(fu_y) —E(fv) < K272
By (5.15) we obtain for z € A
l
(5.25) 5, < A2 Inm
m

Combining (5.22)—(5.25) we get

Al A2t
Ay <2( nm)1/2 Kot 22 T

m m

Comparing this with (5.7) we conclude that

(5.26) 272 > 2l (Inm) /m.

By (5.14) we have

(5.27) Efari) — E(fur) < A2 (lnm) /m.

Substituting (5.26) into (5.27) we get from (5.21) and (5.27) that

E(f.) —E(f,) < C(D)A(l%")% + 4(10gm)(A1nm)1/2. 0

m
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6. BIG JUMP ESTIMATORS. NONCONVEX COMPACTS

We now present a general scheme of building universal estimators. Let V := {V5}22, be
a sequence of compact sets in C(X). Assume that

(6.1) N(Vi,e,C(X)) < (a2(141/e)*, Vi, cCaU(C(X)), s=0,1,....

It will be convenient for us to assume that V|, consists of only one element fy. Let p be such
that all pairs p, Vs, s = 0,1,..., satisfy (1.5). We take two parameters A > Ag(a, M) and
K and define an estimator f, in the same way as in Section 5 (see (5.5)—(5.7)). We will
prove that this estimator is universal for the collection W[V, D] of classes defined in Section

d.

Theorem 6.1. Let V = {V}2, be a sequence of compact sets in C(X) satisfying (6.1).
Assume p is such that all pairs p, Vs, s = 0,1,..., satisfy (1.5). For D > 0 we set
K := 3D?. Then there erists Ai(a,b, M) such that the estimator f, = f.(A,K) with
parameters A > Ai(a,b, M), K has the following property. For any f, € W; (V,D),
r < 1/2 we have

m Inm, 2 e
Pz | fr = Lol agon) = C(D)A(logm)(—=) 7} <m0,

Proof. Let s, be the minimum s satisfying 2°(Inm)/m > 2727, We define A to be the set
of all z such that the following relations hold

Alnm.1/2
(6.1) o [E(fv) — &)l < (/=)
A2max(s:50) I m
(6.2) E(fav.) —E(fv.) < , s €[Llogm];

m

Aomax(s,sr) 1y

(6.3) E(fv.) = E(fav,) < - , s €[l,logm)].

By Bernstein’s inequality (6.1) holds with probability > 1—m = M)4 provided A > Ag(M).
By Theorem 3.6 (6.2) holds with probability > 1 —m = ()4 By Corollary 3.2 (6.3) holds
with probability > 1 — m =t (M)A Therefore,

pm(A) >1- 3m—c1(M)A

provided A > Cy(a,b, M).
We begin with the case when (5.5) is satisfied and, therefore, f, = fy. Similar to (5.11)
we have

(6.4) E(fv. ) —E(fv.) < D*27275(14-22") < 3D?27%% s=1,....
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We now estimate E(fy,_,)—E(fv.), s € [1,logm], using (5.5). Similar to (5.12) we rewrite
(6.5) Efvie) =€) = (E(fvisy) = &(fviy)) + (Ealfviy) = Ealfav.y))

(& (faviy) = Eafav)) + (Ealfav,) — Ea(f1)) + (Ea(fv.) — E(fv,))
=: (e1) + (€2) + (Azs) + (e3) + (ea).
From (6.1) we have for z € A

Al
(6.6) erter<2(—)""  se[Llogm).
By (6.3) we obtain for z € A

A25r 1
(6.7) e < T, sells).

Substituting (6.6), (6.7) into (6.5) we obtain the following estimate for z € A satisfying
(5.5):

2% lnm +4<Alnm)1/2

(65)  E(fv)—E(fu) < A+ K)T -

, s€El, s

We use (6.4) for s > s, and use (6.8) for the remaining s. Summing up these inequalities
we get from (5.10) for r < 1/2

Inm, -2

(6.9) E(fa) — E(f,) < C(D)Allogm) () T,

We now proceed to the case z € A and (5.5) is not satisfied. In this case f, = fzv,. We
write

(6.10)  E(fa) = E(fo) = E(fami) = E(fp) = E(favi) = Efvi) + D (E(fvsy) — E(fw)).
s=Il+1
The sum Y2, (-) in the right side of (6.10) can be estimated similar to (6.9):
= Inm, 2=
(6.11) > (E(fv) = E(fv,) < C(D)A(logm) (—=) 7.
s=Il+1

In order to estimate E(f,v,) — £(fv;) we need an upper estimate for [. Suppose [ < s,.
Then by (6.2) we obtain for z € A

A2 Inm
- )

E(favi) = E(fu) <
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Now, suppose [ > s,. On the one hand A,; satisfies (4.7). On the other hand we have
(6.12) Ay = gZ(fZ,Vz_l) - EZ(fZ,Vz)

= (&a(faviiy) — Ea(fvisy)) + (E(fviny) — E(fvisy)) + (E(fviy) — E(fw))
HE(w) = E(fn)) + (Ea(fvi) — Ea(far)) = (61) + (02) + (E(fvii,) — E(fw)) + (3) + (d4).

From the definition of f, v, , we get 6; <0. By (6.1) we have for z € A

Al
(6.13) 5y + 05 < 2(Z )2,
m
By (6.4) we have
(6.14) E(fviy) = E(fv) < K272
By (6.3) we obtain for z € A
A2']
(6.15) gy < 22 B
m
Combining (6.12)—(6.15) we get
Al A2']
Agy <2522 frgmort p 22 20
m m
Comparing this with (5.7) we conclude that
(6.16) 272 > 2l (Inm) /m.
By (6.2) we have for z € A
(6.17) E(fai) = E(fvi) < 2(lnm)/m.

Substituting (6.16) into (6.17) we get from (6.17) and (6.11) that

lnm, -2

E(fa) — E(f,) < C(D)Allogm)(S2) ™. O
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7. SOME EXAMPLES

In Sections 4-6 we presented two different ways of construction of universal estimators:
the penalized least squares estimators and the big jump estimators. Both these methods
are based on a given sequence of compacts in C(X). In Section 4 we considered a collection
K(a,b) of compacts K,, in C(X) satisfying

(7.1) N(K,,6,C(X)) < (an®/e)", n=1,2,....
In Section 6 we used a collection V := V(a,b) := {V,}32,, of compacts V in C(X) such that
(7.2) N(Vi,e,C(X)) < (a2 /€)*, s=0,1,....

It is clear that the sequence V(a,b) can be seen as a dyadic subsequence of K(a,b). In
Section 5 we considered a particular case V(a,1). Therefore, in the discussion that follows
we will describe different examples of sequences K(a,b).

We begin with a construction based on the concept of the Kolmogorov width. This
construction has been used in [DKPT1,2]. Kolmogorov’s n-width for a centrally symmetric
compact set F' in a Banach space B is defined as follows

d,,(F, B) := inf sup inf || f —
(F, B) = infsup it [If = gll»

where inf;, is taken over all n-dimensional subspaces of B. In other words the Kolmogorov
n-width gives the best possible error in approximating a compact set F' by n-dimensional
linear subspaces.

Example 1. Let £ = {L,,}°°,; be a sequence of n-dimensional subspaces of C(X). For
Q@ > 0 we define

K, :=QUC(X))NLy={f€Ln:|flex)<Q}, n=12,....

Then it is well known [P] that
N(Kp,6,C(X)) <Q"(14+2/e)" < (2Q(1+ 1/¢))™.

We note that {K,}22, = K(2Q,0). Therefore, Theorem 4.4 applies to this sequence of
compacts. Let us discuss the condition
(7.3) d(fos Kn)Lo(px) < AV n=1,2,. ..,
from Theorem 4.4. We compare (7.3) with a standard in approximation theory condition
(7.4) d(fo, Ln)e(x)y < Dn™", n=12,..., f,€DU(C(X)).

First of all we observe that (7.4) implies that there exists ¢, € Ly, ||onllc(x) < 2D, such
that

T

I.fo = enllexy < Dn™".
Thus (7.4) implies

(75) d(fp, Kn)C(X) < Dn_r, n = 1, 2, oo

provided Q > 2D. Also, (7.5) implies (7.3) provided A'/? > D. Therefore, Theorem 4.4
can be used for f, satisfying (7.4). We formulate this result as a theorem.
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Theorem 7.1. Let L = {L,}5%, be a sequence of n-dimensional subspaces of C(X). For
given positive numbers D, My, M := My+ D there exists Ay := Ao(D, M) with the following
property. For any A > Ay there exists an estimator f2 such that for any p with the
properties: |y| < My a.e. with respect to p and

d(fpuLn>C(X) Sanr, n=12,..., fp GDU(C(X))
we have for n > A1/2(m7m)ﬁ
(7.6) p"{z : Hsz — fPHL2(pX) > 4A1/277} < Ce_C(M)mnz.

Theorem 7.1 is an extension of Theorem 4.10 from [DKPT2]. Theorem 4.10 from [DKPT?2]
gives (7.6) with e—c(M)mn® replaced by e—c(M)mn* ynder an extra restriction r < 1/2.

Example 2. In the previous example we worked in the C(X) space. We now want to
replace (7.4) by a weaker condition

(7.7) d(fos Ln)rs(ox) <Dn™", n=12,..., f,€ DU(L2(px))

This condition is compatible with the condition (7.3) (from Theorem 4.4) in the sense of
approximation in the Lo(px) norm. However, the conditions (7.7) and (7.3) differ in the
sense of the approximation set: it is a linear subspace L, in (7.7) and a compact subset
of C(X) in (7.3). In Example 1 approximation (7.4) by a linear subspace automatically
provided approximation (7.3) by a suitable compact of C(X). It is clear that similarly to
Example 1 approximation (7.7) by a linear subspace L,, provides approximation (7.3) by
a compact K, C L, of the La(px) instead of the C(X). We cannot apply Theorem 4.4
in such a situation. In order to overcome this difficulty we impose an extra restrictions on
the sequence £ and on the measure p. We discuss the setting from [KT2]. Let B(X) be a
Banach space with the norm || f|[z(x) := sup,cx [f(z)[. Let {L,};2; be a given sequence
of n-dimensional linear subspaces of B(X) such that L,, is also a subspace of each Lo (p),
where p is a Borel probability measure on X, n = 1,2,.... Assume that n-dimensional
linear subspaces L,, have the following property: for any Borel probability measure p on X
one has

(78) ||P£Ln”B(X)—>B(X) SK, 77,21,2,...,

where P} is the operator of Lo(p) projection onto L. Then our standard assumption |y| <
My implies || f,]| 1. (px) < M1 and (7.7), (7.8) give

d(fo, Kn)La(px) S Dn™", n=1,2,...

where

K, = (K + 1)M,U(B(X)) N Ly,.

We note that Theorem 4.4 holds for compacts satisfying (3.12) in the B(X) norm instead
of C(X) norm. Thus, as a corollary of Theorem 4.4 we obtain the following result.
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Theorem 7.2. Let L = {L,}>2, be a sequence of n-dimensional subspaces of B(X) satisfy-
ing (7.8). For given positive numbers D, My, M := My + D there exists Ay := Ao(K, D, M)
with the following property. For any A > Ag there exists an estimator f such that for any
p with the properties: |y| < My a.e. with respect to p and

d(fos Ln)Ly(px) S Dn™", n=1,2,...,

we have for n > ny, = A1/2(1n_ﬂ1)#

m

—C m 2
(7.9) Pz 12 = Follzagon) = 4AY 2} < Ceme0m”,

Theorem 7.2 is an extension of Theorem 4.3 from [KT2]. Theorem 4.3 from [KT2] gives
(7.9) with 442y replaced by C(D)n,, and e—c(M)mn* yeplaced by m~¢M)4 under an extra
restriction r < 1/2.

Remark 7.1. In Theorem 7.2 we can replace the assumption that L satisfies (7.8) for all
Borel probability measures p by the assumption that (7.8) is satisfied for p € M and add
the assumption px € M.

Example 3. Our construction here is based on the concept of nonlinear Kolmogorov’s
(N, n)-width ([T1]):

d,(F,B,N):= inf inf inf ||f — ¢||5,
(EBN) = M on s 1 gl

where Ly is a set of at most N n-dimensional subspaces L. It is clear that
d,(F,B,1) =d,(F, B).

The new feature of d,,(F, B, N) is that we allow to choose a subspace L € Ly depending on
f € F. It is clear that the bigger N the more flexibility we have to approximate f.
Let L := {£,,}52, be a sequence of collections L,, := {L7, ;V:nl of n-dimensional subspaces

L7 of C(X). Assume N,, < n’". For Q > 0 we now consider

Ny,

K, = J@QU(C(X))nLj).

j=1
Then {K,,}22, = K(2Q,b). It is also clear that the condition

1 J —r .
(7.10) | Join d(fp, L)exy < Dn™", n=12,..., f,€DUC(X))
implies
d(fo, Kn)e(x)y <Dn™", n=12,...,

provided QQ > 2D.
We have the following analogue of Theorem 7.1.
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Theorem 7.3. Let L := {L£,}>2, be a sequence of collections L, := {Lﬁl}j\;”l of n-
dimensional subspaces L7, of C(X). Assume N, < nP™. For given positive numbers D,
My, M := My + D there exists Ay := Ao(b, D, M) with the following property. For any
A > Ag there exists an estimator f2 such that for any p with the properties: |y| < M; a.e.
with respect to p and

. 7 < - —
1§r§l%r11\/n d(fP7Ln)C(X) < Dn , 1 L2,..., fp € DU(C(X))

we have for n > Al/z(lnﬁm)rr”
_ 2
P2 ft = Follagox) = 4AY P} < Cem DM,
Example 4. In this example we apply the ideas of Examples 2 and 3 for nonlinear
m-term approximation with regard to a given countable dictionary. Let ¥ := {4,,}2°, be

a system of functions v, from B(X). Let v > 0 and let M(y) be a set of Borel probability
measures p such that all ¢, are y-measurable and

N N
(7.11) IS s < OV S a2
n=1 n=1

We fix a parameter ¢ > 1 and define the best m-term approximation with depth m? as
follows

Um,q(f’ \IJ)LQ(/L) = c,;;’li?ﬁfmq ||f - z_; Ciqvbni ||L2(,u)-

For a fixed Q > 0 that will be chosen later we now consider
Kn(Q) = {f:fzzaid}nia n; anu izla'-'unu ||f||B(X) SQ}
i=1
Then
11D NE(@.eB00) < @+ 2/ (1) < au+ 1o

Suppose we have for p € M(7v)
Omg(f, W)Ly < D", f € DU(L2(p)).

Then there exists ¢,, of the form
n
(pnzzaidjni» L2 anu 1=1,...,n, ||90n||L2(/1) <2D
i=1

such that
1f = enllLaq < Dn7"
Next, by our assumption (7.11) we get
lonllBx)y <2DCINL.
Therefore ¢,, € K,,(2DC1n"?). The inequality (7.12) implies that
{K,(2DC1n"?)} = K(4DC1, (1 +7)q).

Consequently, Theorem 4.4 applies in this situation. We formulate the result as a theorem.
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Theorem 7.4. Let ¥ and M(v) be as above. For given positive numbers q, D, My, M :=
M + D, there exists Ay := Ao(7,C1,q, D, M) with the following property. For any A > Ag
there exists an estimator f2* such that for any p with the properties: |y| < My a.e. with
respect to p, px € M(y), and

Un,q(fp,\I])Lg(pX) <Dn™ ", n=1,2,..., fp € DU(B(X))

we have for n > A1/2(M)Tr2r

m

—C m 2
P2 2 = follLa(ox) = 4AY 20} < Cemem,

Remark 7.2. In Theorem 7.4 the condition (7.11) can be replaced by the following weaker
condition. Let m; € [1,n4],i=1,...,n, and

Ln = Span{@bmi }?:1 :

Assume that for u € M(v)

prn |8(x)—B(x) < C1n".
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